% 39 5% 64 BdH K FF R ARAZRO 2017 %6 A
Vol. 39 No. 6 Journal of Southwest University (Natural Science Edition) Jun. 2017

DOI: 10. 13718/j. enki. xdzk. 2017. 06. 010

FES, (k)

KR . KA

1 M HERE XSHEBFOE. M 5100065 2. WY FeEi, & ®IY1 518001

FEE: % Sing, Aln] L FFEHRFHE FEZ1I<L<n—1, FRFH
S, (k) ={a € Sing,: Yz € [n], 2 < k=zxa < k)

EUT S, () AW 1R E AR, FAHEBS, (k£ D) éﬁﬁkﬁn%%@iﬁké‘w@"('zz_l). RAE. 2
v o o = n(n —1)

HTEBES, () ORPRFLREA 1.

X 8 W FATHEB;, RELK; K

FESES: 0152.7 XEARERL: A XEHS: 1673 -9868(2017)06 — 0060 — 09

Wln]=1{1, 2, =, n}, FWRTARBOKNT. 7, Zln] EHLBHLRE. 4
Sing, ={a € 7,: | im(a) |<n —1}
W Sing, &L HPRE T, BT FRE, X Sing, Al EA&FERER. MMEE 1<k <n., %
S, (k) ={a € Sing,: Ya € [n], 2 <k=>za<tk)
MWBIR S, (n) =Sing,. HRIUE S, (&) FAFAAHRE Sing, TR,
WHE, AR S MRE XN
rank S=min{| A |: AZ S, (A)=S}
WS HEMFmEITEE LW, B4 S MREHFITHE XN
idrank S =min{| A |: A E, (A)=S}
WARA rank S < idrank S.
AR 4 2 B R A GBI Y — B LR AR B e O h i OS2 — (S WSk — 12, SC#k[1] w1

Cn] L1975 SASHCE BE Sing, . m%wza@wu%%ﬁ:mw%. SCERT2 EM T R A B B O,
R R R4S TE A 0 n 1 20— 2. SCHRL O] BF5E T 75 ek
O, (F)={a € 0,: Yx € [n], 2 <k=>xa <k} 1<rkrn—1

F4 Tk R 25 T

O Wk HM. 2016 -04-08
FEAWH . TN T LR ZOE R 2005 A A B 3R BF ST A AT (1201630038) 5 TTAR S ZE Bt TR R R SR 0 TR S
(2014ZQJK001) ; 2016 4F B SN A BHEL T &5 KA A BIBN LW % 4350 H (B FHE T 5 AAL201615609) 5 2014 4F 5 M 4 2 Bt
HR RS T KRR (2014ZD005).
TEF A SRAEZE1979 5, B, WARIUE A, ML, R, F2NHECE H 38 DL R R r I e



2 THRFFHROGARBF R http://xbbjb. swu. edu. cn % 39 %

KA R TE S, k) BRI TE B TEW] S, (k) S ph B n— 1 B 268 S5 B B o 3 75 51 T
S A<k <n—1Hk=2 E‘Jﬁ%ﬂ%%fnﬁ&%ﬁﬁ“"%n. RIEE, FREEBE S, (2) Pk FR 2 T B A

%7“”2;1)+1.

WU KRS AT T4, BHEH EWU) #mU PRREICZE. ARCKRE LHARE KL SEHS 0
Bk[13].
RHTHRGR LW, 7S, (k) FSIATHBZIGKR: MEE«.p € S, k), EXL:
a¥°B=im(a) =im(B)
a%° p=ker(a) =ker(B)
aJ°pe | im(a) |=| im(B) |

H=9° N °
WA, 92 ,9° 5 g° &84 S, (k) EMEMER. B0,
#H 90 g© H g g©

1<r<n—1,ic

JO ) ={a € S,(k): | im(a) |=r}
WS, (k) Hn—14 g% 2. TV k) JT k) yeee J 0 (b AETSG 7 2 T 00 (k) R 250 FSCHk 6], 34T
FIALLTFF5

R, (k) ={a € J (k): ker(a) HyME—AEBA AR, 5} ) 1<ij<n;i+#j
L) =1{a € J2, (k) im(a) =[n \{i}} 1<i<n
nln—1)

B, JO A A 4% 2. LY k) LE (k) -, LT (B) Al MG KR, (A <i<j<n). I

2
BEFI RS, (k) =Ry, (k).

SIE1 #Wl<kt<n,a€S,k), Ma 2EETYHMNYMEREL € im(a), He <<k, IRt Eta",
H ta =t.

E ARFEA, o € Sing, ZRHFITEHMNYTE € im(a), Ht € ta'. W, a €S, (k) EFF
HFIHUYHMNEEE € im(a), He <k, MR L Eta, Ata=1t GFHFrkEta', M« €S, (k) AI1H
t= ta = ka < k).

Wa €S, k), %

sCa) =] {zx € [n]: za # x} |
BI2 Wn=3HI1<k<n, N
S, (k) =(E(S, (k)
iIE e €8S, k). RS A sC) =1, MK« ZFHET, Nl « € ECS, (k). ik

LA, e A,
a= e S, k)
4 4 e a
M S,(k) C Sing, MHIr <n—1, NIIFFE; € {1, -, r}, iR A [ =2. %,
A, A, A,
77 minA, minA, - minA,

Clj IGAJ
xe; =
{minA, xEA,,iFH]j



% 6 4 RAEE, F. FHS, (bW 3

€; a; € A;\{min A}
81:{7/ a; € A, 3{a; =min A,
Mo €S, (k) K5IH 1158, € E(S, (k). &
min A; a; € A;\{min A, }
{maxA,. a; ¢ A, a, =min A,

NyeA Hy F#a;,. EH.: e, € A\{minA;}, Ma, € A,\{y}; WRa, € A, Ba;, =min A,,
N min A; € A;\{y}. &

x T =y
1‘81 —134a; X E A,\{y}
a; IEA;aZ.i].

We=68.0%L €S, O(HNa €S,k HsB)=s)—1. % B, #HFTEMT « WL, BAFLE
0, € E(S, (k). B, € S, (k), ffif5.
a=08,0.p s(B) =s5(B) —1=s(a)—2
ek FRITIE . AFAE 0,405,040, € E(S, (&), B, € S, (), ffiffa =06, HsB)=1(F%
B, € ECS, (k). BN s(@B) =1, Iifi
a € (E(S,(k)))
i o MRS
S, (k) =(E(S, (k)
I3 Wl<rkr<nH1<s<n—2.1
E(JC () SHUEWU S )
E M s =15, £
@ € (["]J € EUJTY k)

a
MG 18 a < k.
%kzly muazl. /i'\:

(1 {2,---,n}j ({1,2} {Be"wn}j
= v =
a 2 a 3

mp.y € EAJY (k) Ha=py.

1 {29“'7 77} {15'“’ nil} n {17 a} I:n]\{l’ a}
S T IS ) )
1 2 1 n a b

W p.y.0 € EAJY (k) Ha=p70.
M =2 B, AR
1 Az A}
az( JeEu?(k))
4 a, v a
WHEBIFE 1A a, € A,(Q<<i<s).Hs<<n—20%H, fFFELE {1,2, ., s}, FfF[A, [=3, 8H
FAE i, € {1, 2, st Hi#j, B A |=A [=2. UFRISFEMELIEW « € (EUJ S (k).
Bl fifEk € {1, 2, =, s). 5 | A, [ =3 HEEHe € A, 0 <i<s). ¥
c, =min (A, \{a,}) d, =min(A,\{a,s ¢, })

>



4 THRFFHROGARBF R http://xbbjb. swu. edu. cn

% 39 %

(A Ay ar A\l aw) Aw - Al
B_(al Ay ap Ce A1 ot a)
(A Avy Hars ey AN\{aps et Apn 0 A,
y_[al A ar d, App ot a)
M ae €S, (k) KGIH1IAH L,y € EJS(R)) Ha=p7.
Wl 2 AFAE i € (1,2, =, s) Hi#j, {§15

| A |=l A; |=2
Ai:{ai7bi} Aj:{aj7[7j}

L e A, a, b
P= a, ** a;, a; b
( o A ay by Ay e A
‘}/:
a ajq a; b; aja o a,
Wl e €S, (k) X513 17 B,y € EJZ (k) Ha=py.
i ATk, W oo WAL S0

E(JC k) S EUS R 1<s<n—2

KT, RAVNMFE > ]G #j) FmFRESing, TN n— 1 RS TTe, XM ie = j, ze =

x(x # ). WE, - &8 Sing, T n—1 MRS ZE, N
E,  ={li>jl:1<iy<nHi#j)
FEEBEI<k<n—1,%
E2k)={li—>j]: 1<i<<hk<j<n}
W) 5 55 i
E(JS (B) =E, \E*(%)
SIE4 W1<hk<n, WS, (k)=(E, \E*)).
iE FER
E(S,,(/e»::gzsU?(k))
HTI3 2, 53 3 i3
S, (k) =(E(Z))
T H
E(J2(B) =E, \E*(%)
G

S, (k) =(E, \E* (k)

L e AL
R T AR L ?ﬂﬂﬁﬁﬁ:%[ }%ﬁ*ﬁi Sing, I EU T KA ICE @ -
a, v a,
A,a =a, 1<k <r
xa =x € [n\NA, U-UA)D
FIH ERFE S, BARA .
i
[i»i+1][{l o }}
i+1



% 6 4 RAEE, F. FHS, (B

{i,1—1}
[i»il]z{ | }
1 — 1

4

Ex o ={li>i+1]:1<i<n—1}
EN={j—-il:1<i<j<nHj#i+1}

E2 (k) =E3 \{[k >k+1]}
GM)=EY] UE> (&) U{[F+1—>F])

W 5 SR A
. o . nln—1)
G ST EW2, () | G(k) \:#
I35 &n=3.0
(G(k)) 1<hk<<n—1H*k#*2
S, (k) =
(G U {L2—>1]0 h=2
iE dEH 4
S, (k) =(E, \E*(k))
O EE .
E, \E*(k) C (G(k)) 1<k <<n—1,k #2
E, . \E*(k) (G U{[2—>1]» =2

FEEE[a >0b] € E, \E*(k), 43LIF 3 FIEEITE:
WH1 a>b.Fa>0+1, 1
la >b] € E/T CGWLk) S(GHRD
tra=b+1Ha=F+1, N
la—>b]=[k+1—>Fk] € GU) (G
Fra=b+1Ha#kr+1, N
la—1—>al#[k—>Fk+1]
NIl]
[a—1—>a] € E2 (k) = G(k)
R a >06=1, LT3 MFPEIEHE.
FRHE 11 a £k FE
[a >a+1] € E2, (k) S Gk

[a+1—>a—1]€ E)S G

o

B=la—1—>alla+1—>a—1]la >a+1]
g e <Gy, H

|:{a1,a}}|:{a1,a+1}:||:{a,a+l}:||:{al,a} a+1
= a a—1 a+1 B a+1 a—1

) {a—1,a} a-+1]° {a—1, a}
al |-l

:|[a9al]
a-+1 a—1

a—1



6 THRFFHROGARBF R http://xbbjb. swu. edu. cn

% 39 %

NID]
la >b]=[a—a—1]=p" € (G
FHEK 1.2 a=k=2. B8R b=a—1=1, Il
[a >b]=[2—>1]1€ (GG U {[2>1]D)
k=3 BRb=a—1=kF—1. FEF
(k—1—>k], [k—2—>k—1] € E* (k) =G

TIHIK 1.3 a=
H
[k >k —2] € E/] CGGk)
é\
B=[k—1—>k][k—2—>k—1][k >k —2]
nmpeGek), H

_[{kl,k}M{kz,knH{kz,k}}_[kz (b —1, k)
P k E—1 E—2 | lk—1  k—2

ﬂz{ } { }[/e»/e—u
k—1 k—2 kR—1

NIl]
la>b]=[k—>k—1]=p € (G
B2 a<<b #b=a+1, MK
la >a+1]=[a—>b]€ E, \E*)
i a # by MM
la >b]=[a—>a+1] € E2 (k) =G
b >a+1, M
[(b—>al € E CG0)
ERE
E2)={i—>j]: 1<i<k<j<n)
Hla >b] € E, \E*(k) Witk & {a, =, b—1}, NI
(b—1—>0b], =, [a—>a+1] € EL (B) G
é\
p=[b—>allo—1—>b][a—>a+1]
mpe Gk, B

[({as 0} [{6—1, b} {ay a+1)
o I [P A
[{a, b) a e b—2 b—1
| a :H:a+1 e b —1 b :|
[({as b} a+1 - b—1
la+1 a+2 - b }

. {las b} a-+1 < b—17" {a, b}
B/d: f—

}=[aﬂb]
a+1 a-+2 - b b



% 6 4 RAEE, F. FHS, (bW 7

PN]
[a >b]=p" € (G
LT, BATEAEM . H1<k<n—1Hk#2, Wla—>0b]€ (G #FFk=2,M[a—>b]€E
(G U {211}, HHla — o] MR .
E, \E*(k) S (G 1<hk<n—1,k+#2
E, \E*(k) S (G U {([2—>1]} k=2
516 W1<ri<n—1.GRES, () WERE, IR 1<i<;<n. A
|G N R, (k) [ =1
E R =[j—il. WRBRBES, (&) NRE k). GRS, (k) BAEMERH . FFTE aray .
a, € G, it p=aiasa, - =D, TEH [im@P) [=n—1HHAFL € ) K| ima,) [<n—1HN
a, € G S, (k) < Sing,) Al
| im(a,) |=n—1
FJ2 ker(B) =ker(a,), Milli B%%a,. oy € G N R, ()RR B € RS, ;, (k). I
|G N RS, (k) [ =1
SIE7 ®n=3,GES, (2 MERE, W |GNRG ., @ [=2.
iE Wee ([1>2],[2—>1]}), Me€ S, (2)NRG. (2. GRS, (k) ML, 7778
arsrsa, € G, e = arazra, G =D e € J7 W e, € J7 (N | im(e) |= | im(aiaza,) [<
| im(a,) [<n—2, 7JE), Ti&
| im(e) |=| im(a,) |=n —1
NI}
im(e) =im(a,)
Ble Pa,. AW E . #0c. Ha, € GZS,(2) T la, <2 H 2, <2. FEEHa, €J7,.
He=[1—>2], M
im(a,) =im(e) =X, \{1}
T
la, =2a, =2
NI}
ker(a,) =ker(e)
Bl o, %%e. I a, #C¢.
re=[2—>1], M
im(a,) =im(e) =X,\{2}

T2
la, =2a, =1
NI0]
ker(a,) =ker(e)
Bl a, %°¢.

HIt o, #%¢. FH im((1—2]D) #im((2— 1D A1 —2], [2—>1D & A, \1fi | G N RS., (2 |=2.
AR EELE BN
EFE1 ®a>=3, 0



8 THRFFHROGARBF R http://xbbjb. swu. edu. cn % 39 %
nn =D <k <n—1.k+#2
rank S, (k) =idrank S, (k) =
n(n*l)jLl h—2
2
I FEER.
o nin—1)
G CTEWY (R | G(R) \:f
g3 5 a5
(G(k)) 1<k <<n—1, k#*2
S, (k) =
(G U {[2—>11D k=2
NI
nn =D 1<k<n—1.k#2
rank S, (k) < idrank S, (k) < )
"7("2_ U E=2

HSIH 6 nl A, S, (B) MAEREA REMMMLMBE R S, (&) Mg /< 2 T A9 2 g8 ) A

n(n —

2

SN

D g0 %, min)sm 7w

n(n—1)

rank S, (k) =
nin—1)

5 +1 k=2

nin—1)

rank S, (k) =idrank S, (k) =
n(n—1)

2

S E 3k

(1]

(2]

(3]

[4]

[5]

[7]

(8]

[9]

GOMES G M S, HOWIE ] M. On the Ranks of Certain Finite Semigroups of Transformations [ ] ]. Math Proc Camb Phil
Soc, 1987, 101(3): 395—403.

GOMES G M S, HOWIE ] M. On the Ranks of Certain Semigroups of Order-Preserving Transformations [J]. Semig-
roup Forum, 1992, 45(1): 272—282.

GARBA G U. On the Idempotent Ranks of Certain Semigroups of Order-Preserving Transformations [ ]J]. Portugal
Math, 1994, 51(2). 185—204.

BARNES G, LEVI I. On Idempotent Ranks of Semigroups of Partial Transformations [J]. Semigroup Forum, 2005,
70(1): 81—96.

B iR RA. R B CERE CPO, MBE [T, VYR RS CHARBEE MO - 2011, 33(6): 106—110.

ZHAO P. On the Ranks of Certain Semigroups of Orientation Preserving Transformations [J]. Communications in Alge-
bra, 2011, 39(11): 4195—4205.

& P EHE PK T (s D BREAEITEL [T PRI KM A AR . 2012, 37(10): 41—44.

SOMMANEE W, SANWONG J. Rank and Idempotent Rank of Finite Full Transformation Semigroups with Restricted
Range [J]. Semigroup Forum, 2013, 87(1): 230—242,

HALE B P ERE O, GO RER L] Bes S S50, 2014, 44(9) . 243—247,



% 6 4 RAEE, F. FHS, (bW 9

[10] FERNANDES V H., SANWONG J. On the Ranks of Semigroups of Transformations on a Finite Set with Restricted
Range [J]. Algebra Colloquium, 2014, 21(3): 497—510.

[11] ZHAO P, FERNANDES V H. The Ranks of Ideals in Various Transformation Monoids [J]. Communications in Alge-
bra, 2015, 43(2): 674—692.

[12] TINPUN K, KOPPITZ ]. Relative Rank of the Finite Full Transformation Semigroup with Restricted Range [J]. Acta
Mathematica Universitatis Comenianae, 2016(2); 347 —356.

[13] HOWIE J M. An Introduction to Semigroup Theory [M]. London: Academic Press, 1976.

Ranks of the Semigroup S, (k)

ZHANG Chuan-jun', ZHU Hua-wei*

1. Compulsory Education Lab, Guangzhou Academy of Educational Research, Guangzhou 510006 , China ;
2. Mathematics Institute , Shenzhen Middle School , Shenzhen Guangdong 518001, China

Abstract; Let Sing, be a singular transformation semigroup on [n]. For an arbitrary integer 1<{k<<n—1,
the rank and idempotent rank of the semigroup S, (k) ={a€Sing,: Y2 E[n], x<bk=>ra<<k} are stud-
ied. We show that the semigroup S, (k) is generated by the idempotents of rank n —1, and obtain that the

—1
rank and idempotent rank of the semigroup S, (k) (k7#2) are both equal to %, and the rank and

. (n—1)
idempotent rank of the semigroup S, (2) are both equal to nnTJrl.

Key words: singular transformation semigroup; idempotent rank; rank
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