H A2 B H 5 M B K FF R CARAFR 2020 %5 A
Vol. 42 No. 5 Journal of Southwest University (Natural Science Edition) May 2020

DOI: 10. 13718/j. cnki. xdzk. 2020. 05. 014

ZRAT AR RE AR AN ERE

FFR, kBB
ViR A B S5 B . TR 400715

WE: Tk 7T - AEREFTAHE LA MBI I BER. AT REFHS, RLEFHELE, RIFRE-F
BEBEETFHEEGERBEGEMN, BB T EELAE P EL A Hopl 9 X0 &M4. RERAMEEMBIET 4

PR RN
X $# I\ ST i Hopf o & AR
FESES: 0175 XEtREL: A XEHS: 1673 -9868(2020)05 - 0108 - 07

1EI7 I RCR C AR Z B 50 3 5 LA SR G e R e SCHRES ] oH 52 20 B LA i B 55 40 2 T AOIR 255
A B iR AR R TR A SCRIRES ] A b, SCRRLE T WFTT 1 G 75 200 M DA i G 285 380 445 0 285 1940 2 72 vl ¥ X A58 7
ISR . S BN B 5T R RE A A 48 St R e, SCRIRES-6 B0 i B 25 40 i LWL B X e
PR B 25 EL 7% D 3] R 240 i DAL 14 fih 28] e L 285 00 i 7 P2 Al AT 48 25 200 M v i R ARG, BT LA
AR B FE LR N Michaelis-Menton MR AIE R, [R5 B AL (9 520 . fe 7 U7 B0 T o 2 3l ) 2
BERY . I i e S RE AR AU A BRAR AR 34 % Ak R o T B 5 e Al ol R v b 8 A58 2R ) S 400 08 3

M M

< M@—Eﬁ—ﬂWV—QM

dN _ BNZ B -

dz BNZ ‘

T ( 2>]ﬁﬂ27@27”2
Hr, M) NG, Z ) s e B ZIMIE e, FaS e, &85 BEanmig; . 409 0
REANNE ., BRI K R o BARFESOEMEARIEMIE MBI LR d,.d, 50 FTRFE S0,
AR ARIET-R; 3R FBRANFESMIEAFAL R 0 R 5 B2 605 40 i ) 5o X T 74k
BEAFAE A B A B 2 5 Ry Lk, S 00 27 B IR Y %\m%mMmﬁ%ﬁa,mwu;%F%ﬁHS

A R AR, R AR R dR 4. M(0) =0, N(0) =0, Z(0) =

1 BdEaEmE R
EFE1 RS WIEARZEN,

Weks B8 2019 -01 - 30

HEUH. EBRAARBAESIE (11701472) s B FEARIL 5 285 B (XDJK2017C055).
EZRIN . HERA994—) . L. BILRFFE A . EE N AW Eer &sh )1 & g e K LR FH A 5T
WAFER . sREE, RmBR.



% 5 BFHR, F o FIRATT B B I tn B AR e B AL 04 Y AE A 109
3 /317’ /€ZS
cy
iE XEEWM.N.Z) el f:
dM dN dz
E72 P T N TP
M AR SRR . ARG (D B — AR R,
dMi M i kﬂ" i
g—rM(l—]Z)—aMN—clMé LM
MR JEFE AT AR . M < CBRS D AT INAR
d(N + 2D Z
T:sz(l—g)—(dl+<~2>N—<d2+c3>2<
/325
1 +c,)N—d, +c,)Z <
ks
T—d(N+Z)
Hrp
d=min{d, +c,, d, +c;)
A HG B B AT A
<LS
N+ 7 < 1d
Frlh, T 2RG (D HIEARALLE.
2 FERNBEEREM
R R, BE i TC i A A
- M N é ; k t r ‘i ko‘g
TR Y TR TR T e M T e T T
d, +c¢, 5 B d, + ¢,
2 =k g ak, " ak,’ To =g ak,
2R N Y TG i WA RS
d—fzrlx(l—x)—ly—/zlx
dr
dy _ moyzx
e 1+pz @
dzi . sy
d;—rzz(l 2) [ U2
7 X
M ”1_3/* — M
pt=t F 0~
1
QA2 )Gy —ryx —py)
73
x M2
gt =
T M)

i A LAY S 1% B R B 4



110 THRFFHOGARBF R http://xbbjb. swu. edu. cn F 42 %

T2 (i) R5(2) ML DKL TFHEE =0, 0, 0);

)2 7, = ) s RE A7 AR IETH A E, =" 0. 0) s

T
(i) 24 gy —pome >0 ry — 1oz’ —py >0 M, REQ) FIETME A E, =0, vy 2");
V) M ri—y" —p >0, r, —rox’ —py >0, 9 — pon, > 0B, REE(2) A7 18 ME— 1 A7 F i o5
E (x" ,y .2,
N T R SR ST a5 1 SRR RS E M TR RIS R G (2) FEF S AL Y Jacobian A FE R .

ry—2rix —y — @ —x 0
0 h= my
J = 1+ 7,z 1+ 7,2)°
UEE4 V/ERY
0 - L2 1Y
14 9.2 = e 4+ 75,2)° "

TE3 Yr <p, Hor, <p, B, REQ) WKL VA S E 2R E M.
I R5(2) 17 E A RRRE TR R
A —r DA+ ) —r, + ;) =0 3
FFE3) BIRIETERFEAR A, =7, — 1 s Ay = —py < 04 Ay =1y —pq. WM r <p, Hr, <p, B, EJ&¥
WL e, EBASLE.
EE4 BEr > p. Yr, <ps B, REQ) BWRARETH T E, &R i i),
iE RS2 1 E, AR5 RN
A=y, — DA+ ) QA — Gy — 1)) =0 4)
TR () BIRAFAERFIEMR A, = — 7y <0, A, = —p, <O, WAy =r, —pqss WY r, <p, B, E, BBE. &
FRASIE.
EES R

771*/127]z>09 szi’zzx */13>O

&/'
ro—y —pu <0
H
N 7]33/x
2 - <0
NG IENES C
Af, TR S e B, R A e .
E RS2 E, WWFRE TN
L s (o .y msy x\
A=y —y /J]))(A (rz 21,z At gz ;13>)(+(1+7722*)3) 0 (5)
TG BARFEREMR A, =r, — 3" — 0. SN RRAEAR B F 5 05 R E
75y 7y 2
A —r, —2 _——— — A4+ ———=0 (6)
(’- T A ) ey
TR
mnsy =
(149,27 )°
[
ro —2r,z — /AR —py <0

(1+7722x>2



% 5 4 HERG F . F AT BF B f IR 0 R Ah e A 6 B B AR A

111

mh, 5 R (6) AYMRIYHA TSR, r LY
ro—y — <0
H

2y
o gy

W, JChE - a E Rl As . 2 BATIE.
EE6 (it
r—y — ¢ >0, ry —ryz —ps > 00— ey, >0

7733/%
(I+ 722" )2

r, —2r,z —

— M3 <0

i, R E T R i R e
iE RS2 1 E" AREE TR R

(A+m1x%y44”4@mszgjﬁLgi QA+JC&L£4»fO

HRCD BIRIFERFIER A, =—ri2 " < 0. BANHAFRAEAR B AR 6) g, BTl

sy
(1 +7722x )2

ro — 2r,z

i, AR BT R E AR E . 2 BARILE.

3 Hopf #XHITFHEM
FEXKT g, WL BHERE . [0, o) —> R

VERY ’ (7]2)

(7): _2’7‘7)’(9)_ - >
¢ VE s ro2 vE (1+7]2z, (7]2))_

— 1y

5 9(p) —0. AR
(Ot () Gy — 1z () — py)
VE

* M2
2 (n,) =———
7 Mo M2

(rzflg _/1:4/12)775 -+ (Vz/lg T T +71#2#3)7]2 +7]1”2/12 =0
L. AHEG) —AIER. 2 X,
7733“ <7]2)

a () =riz’ <02>‘*f2‘F272ZX(”2)*7(14—022”<02>V

sy (92" () 7y ()

a,(y,) = *rlx”(772)<r2*2rzz*(772)*

(1+79,2" (7]_))3 (1—0—7722X(772))2
i (p)y " (02" ()

(1+9,2" (3,07

ag(ﬂg):
CIECS/INayEs:
EET R
ro—y —p >0, 7, —r,x —uy >0, N — ey >0

)

D)

(8



112 THRFFHOGARBF R http://xbbjb. swu. edu. cn F 42 %

as(p; ) —a, (9. )a, () —a, (9, )a) () #0
W RGE(2) 18 9, =75, A& 4 Hopl 7332,
WE Yoy, =q, B AR

75y

— . =0
(1+7722*)2 F‘S

r, —2r,z —
EHL6) HERRE D ATLIS R .

(A+r1x*>(ﬂ+M)_o

Sy RHHCARAE )y B — RPER AR A, =2, =i /% M=, = —r 2
9%

MG SCHRL7 ], T R S e TE 5, KA Hopl 23 SRS RIS, 2 A () =X () +iv (9,0, R
A K, FfXT N2 KA.

{131(772)%’(7;2)—D2<772>u:<772>+D3<172>—o .
D, ()X () +D,(5:)v (5,) +D, () =0
Hrp,
D, (9) :37(2(771) f3u2(1]1) +2a, ()X () +a,(5)
D, (5) =6X(5)v(n) + 2a,(3)v(y)
D, () =a, ()X () —v () +a, (DA () +as ()
D, (5) =2a, (gD X))y () +a, (v (y)
i Eid D7 A1 .
SRAGD|  xl,, -
B D, (9, )D;(5,)+D,(3,)D,(3,) _
Di (., ) +Di(y.)
as () —ay (g day () —a, (9, da, (9,
Zaf(vg )+ 2a, (9, )
Horpr

ar(p ) =rix () F 22 () Fy A 2 ) P —2my Ay 2 ) e g )
a (g )=y (2" 2T )y DU+ e )T =3y 2 (2T g e DUy ) —
rirma A 2rr, ()2 2 () = 2ripaxty (2 g DA 2 )
7‘1/131"x
a; () =rimn (L4, 2 ) 7 G (pdy 2" fay (e oty 2 (g —
3x y e U4 2 ) X (2 Hy )
a ) == Gropayt — s rops = 200t — gt by ) Gp— gy )7 G
V) = Gropant — s raph — 2t — gt s papi) Gpy— ey D !
2O ) =Gy — gy )
P
as(p; ) —ay (9 )a, () —a, (9, da, (g, ) #0
) A 1
d(ReA; (,))

0
d772 7 =1y



% 5 FIER, F F BT R B R A AR A AL 0 B S A A 113

JAT . E PRARIE.

4 HEEM
AR 38 Sk A AL 0 UE 1 AR B8 IF T 45 AR
LHOESH ri =0.8. 4, =0.2, 9, =2.4, p, = =
0.3, r,=0.79, 9,=1.6, py=0. 1, THEF1H—IT
TR FEMAEM, g, =1.818 6 5K
5.036 4. 1 Matcont 73 S EHAF AT 1§ R 58 (2) LL 9,
Nor X BRI LB D, o A J Hopf 4332
Ko BREASX S, TUEINRSE () ST 9, =
1. 818 6 4bk Az Hopl 73 3. HWOE 9, =2.5, HE
AR SE# S 27 =0.129 1, y© =0.496 7,
2" =0.181 8. ULAT RS0 (2) I P A AN 2 Frm . RGuAL = JE i . 4578 = A R IR .
FEC A BRI, S )1 A A5 G0 28 20 B A 5 Ak LR R sC A7, R SCHE 40 B BRI A 0L 2 B, Y

B1 o%E

H R A D AR e b, RIS FEAH DG », 80 B RS, RS 4l i Hopf 43 3774 A AR, Xt = W
e L 25 7 5 A0 B A s A T X0 g 3 ) SR T S R
- 101
- | H | | | | |
0.7
S 02 S
0.4
AR
L ' J 0.1 : ' -
0 100 200 300 0 100 200 300
t t
(a) (b)
0.6
0.4}
S
02
0 L L J
100 200 300

t
(©)

2 FEFIE

S 2% 3Lk :
[1] DE PILLIS L, RADUNSKAYA A. The Dynamics of an Optimally Controlled Tumor Model: a Case Study [J]. Mathe-
matical and Computer Modelling, 2003, 37(11): 1221-1244.



114 THRFFHOGARBF R http://xbbjb. swu. edu. cn F 42 %

[2] LIUXD, LIQZ.PAN]J X. A Deterministic and Stochastic Model for the System Dynamics of Tumor-immune Respon-
ses to Chemotherapy [J]. Physica A: Statistical Mechanics and Its Applications, 2018, 500: 162-176.

[3] DE PILLIS L G, ELADDADI A, RADUNSKAYA A E. Modeling Cancer-immune Responses to Therapy [J]. Journal
of Pharmacokinetics and Pharmacodynamics, 2014, 41(5) . 461-478.

[4] DE PILLISL G, GU W, FISTER K R, et al. Chemotherapy for Tumors: an Analysis of the Dynamics and a Study of
Quadratic and Linear Optimal Controls [J]. Mathematical Biosciences, 2007, 209(1): 292-315.

[5] SARKAR R R, BANERJEE S. Cancer Self Remission and Tumor Stability - A Stochastic Approach [J]. Mathematical
Biosciences, 2005, 196(1): 65-81.

[6] BANERJEE S. SARKAR R R. Delay-Induced Model for Tumor-Immune Interaction and Control of Malignant Tumor
Growth [J]. Biosystems, 2008, 91(1): 268-288.

[7] HASSARD B, KAZARINOFF N, WAN Y H. Theory and Applications of Hopf Bifurcation [ M]. Cambridge: Cam-
bridge University Press, 1981.

A Tumor Model Considering Chemotherapy and
Saturated Transformation of Resting Immune Cells

TANG Qing-feng, ZHANG Guo-hong

School of Mathematics and Statistics s, Southwest University , Chongging 400715, China

Abstract: In this paper, a tumor model considering chemotherapy and saturated transformation of resting
immune cells is discussed. The conditions of local stability of extinction equilibrium point, non-immune e-
quilibrium point, tumor-free equilibrium point and coexistence equilibrium point are studied. The condi-
tions of Hopf bifurcation at the coexistence equilibrium point are obtained. Finally, the relevant conclu-
sions are verified by numerical simulation.
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