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摘要:在弱(下)鞅概率不等式的基础上,
 

给出了双参数弱(下)鞅的一类极小值不等式.
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设n,m ∈N2,
 

n= (n1,
 

n2),
 

m= (m1,
 

m2).
 

如果ni≤mi,
 

i=1,2,
 

则称n≤m,
 

如果ni≤mi,
 

i=1,2中至少有一个严格小于成立,
 

则称n<m.
在本文中,

 

用{Xn,
 

n∈N2}或{Yn,
 

n∈N2}表示定义在概率空间(Ω,
 

A,
 

P)上的双参数随机变量序

列.
 

记X+=
 

max{0,
 

X},
 

I(A)表示集合A 的示性函数.
定义1[1] 设{Xn,

 

n∈N2}是一列Ld 双参数随机变量,
 

如果对所有的i,j∈N2,
 

i≤j,
 

都有

E[(Xj -Xi)f(Xk,
 

k≤i)]≥0
其中f是任意分量不减函数并且使上述期望有意义,

 

则称{Xn,
 

n∈N2}是一个双参数弱鞅,
 

如果进一步假

设f 是非负的,
 

那么称{Xn,
 

n∈N2}是双参数弱下鞅.
近年来,

 

一些学者将单参数弱鞅序列的若干结果推广到了多指标弱(下)鞅的情形,
 

并且给出了多参数

弱(下)鞅的一些概率不等式[1-2].
 

很多学者对双参数鞅的概率不等式及相关应用做了广泛研究,
 

并取得了

丰硕的成果[3-7].
本文受文献[1]的启发.

 

一方面,
 

将文献[3]中单参数弱下鞅的一类极大值不等式推广到双参数弱下鞅

的情形,
 

得到了双参数弱下鞅的极大值不等式,
 

另一方面用非负凸函数作用于弱鞅,
 

得到了双参数弱鞅的

极大值不等式.
引理1 设{Yn,

 

n∈N2}是一个双参数弱(下)鞅,
 

且g是一个不减的凸函数,
 

g(Yn)∈L1,
 

n≥1,
 

则

{g(Yn),
 

n∈N2}是一个双参数弱下鞅.
证  由于g(x)是不减凸函数,

 

令

h(y)=lim
x→y-

(g(x)-g(y))/(x-y)

则

g(x)≥g(y)+(x-y)h(x)
且h(x)是非负不减函数.

 

假定f(x)是任意分量不减的非负函数,
 

则

E[(g(Yj)-g(Yi))f(g(Yk,
 

k≤i))]≥E[(Yj -Yi)h(Yi)f(g(Yk,
 

k≤i))]=
E[(Yj -Yi)f*(Yk,

 

k≤i)]
这里f*(Yk,

 

k≤i)=h(Yi)f(g(Yk,
 

k≤i)),
 

且f* 是一个任意分量不减的非负函数.
 

由于{Yn,
 

n∈N2}
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是一个双参数弱(下)鞅,
 

则

E[(g(Yj)-g(Yi))f(g(Yk,
 

k≤i))]≥0
所以{g(Yn),

 

n∈N2}是一个双参数弱下鞅.
定理1 设{Yn,

 

n∈N2}是一个双参数弱下鞅,
 

且当k1k2=0时Yk=0,
 

这里k=(k1,
 

k2).
 

假定{cn,
 

n∈N2}是正的不减数列,
 

则对任意的ε>0,
 

有

εP{ max
(i,

 

j)≤(n1,
 

n2)
cijYij ≥ε}≤

min{∑
n2

j=1
cn1,jE[Y

+
n1,jI{ max

(i,
 

j)≤(n1,
 

n2)
cijYij ≥ε}],

 

∑
n1

i=1
ci,n2E[Y

+
i,n2I{ max

(i,
 

j)≤(n1,
 

n2)
cijYij ≥ε}]}

  证  设A={ max
(i,

 

j)≤(n1,
 

n2)
cijYij ≥ε},

 

A1j={c1jY1j ≥ε},
 

Aij={crjYrj <ε,
 

1≤r<i;
 

cijYij ≥ε},
 

2≤i≤n1,
 

1≤j≤n2,
 

则A= ∪
(i,

 

j)≤(n1,
 

n2)
Aij.

εP(A)=εP( ∪
(i,

 

j)≤(n1,
 

n2)
Aij)≤

∑
n2

j=1
∑
n1

i=1
E(εIAij

)≤

∑
n2

j=1
∑
n1

i=1
E(cijYijIAij

)=∑
n2

j=1
∑
n1

i=1
E(cijY+

ijIAij
)=

∑
n2

j=1
E(c1jY+

1jIA1j
)+∑

n2

j=1
E(c2jY+

2jIA2j
)+∑

n2

j=1
∑
n1

i=3
E(cijY+

ijIAij
)=

∑
n2

j=1
E(c1jY+

1jIA1j
)+∑

n2

j=1
E[c2jY+

2j(IA1j∪A2j -IA1j
)]+∑

n2

j=1
∑
n1

i=3
E(cijY+

ijIAij
)=

∑
n2

j=1
E(c2jY+

2jIA1j∪A2j
)+∑

n2

j=1
E[(c1jY+

1j -c2jY+
2j)IA1j

]+∑
n2

j=1
∑
n1

i=3
E(cijY+

ijIAij
)≤

∑
n2

j=1
E(c2jY+

2jIA1j∪A2j
)-∑

n2

j=1
c2jE[(Y+

2j -Y+
1j)IA1j

]+∑
n2

j=1
∑
n1

i=3
E(cijY+

ijIAij
)

这里A1j ∩A2j =Ø,
 

IA2j =IA1j∪A2j -IA1j.
令g(x)=x+,

 

h(y)=lim
x→y-

(x+-y+)/(x-y),
 

则g(y)-g(x)≥h(x)(y-x),
 

g和h是非负不减

函数,
 

同时由双参数弱下鞅的性质可得

E[(Y+
2j -Y+

1j)IA1j
]≥E[(Y2j -Y1j)h(Y1j)IA1j

]≥0
所以

εP(A)≤∑
n2

j=1
E(c2jY+

2jIA1j∪A2j
)+∑

n2

j=1
∑
n1

i=3
E(cijY+

ijIAij
)=

∑
n2

j=1
E(c2jY+

2jIA1j∪A2j
)+∑

n2

j=1
E(c3jY+

3jIA3j
)+∑

n2

j=1
∑
n1

i=4
E(cijY+

ijIAij
)≤

∑
n2

j=1
E(c2jY+

2jIA1j∪A2j
)+∑

n2

j=1
E[c3jY+

3j(IA1j∪A2j∪A3j -IA1j∪A2j
)]+∑

n2

j=1
∑
n1

i=4
E(cijY+

ijIAij
)≤

∑
n2

j=1
E(c3jY+

3jIA1j∪A2j∪A3j
)-∑

n2

j=1
c3jE[(Y+

3j -Y+
2j)IA1j∪A2j

]+∑
n2

j=1
∑
n1

i=4
E(cijY+

ijIAij
)

这里A1j ∩A2j ∩A3j =Ø,
 

IA3j =IA1j∪A2j∪A3j -IA1j∪A2j.
 

由于g 是一个凸函数,
 

{Yn,
 

n∈N2}是一个双

参数弱下鞅,
 

所以有

E[(Y+
3j -Y+

2j)IA1j∪A2j
]≥E[(Y3j -Y2j)h(Y2j)IA1j∪A2j

]≥0
这里h(Y2j)IA1j∪A2j

是一个关于{Y1j,
 

Y2j}分量不减的非负函数.
 

那么有
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εP(A)≤∑
n2

j=1
E(c3jY+

3jIA1j∪A2j∪A3j
)+∑

n2

j=1
∑
n1

i=4
E(cijY+

ijIAij
)

重复上述证明过程可得

εP(A)≤∑
n2

j=1
E(cn1,jY

+
n1,jIA)-∑

n2

j=1
cn1,jE[(Y

+
n1,j -Y+

n1-1,j
)IA1j∪A2j∪…∪An1-1,j

]

同样地,
 

h(Y2j)IA1j∪A2j∪…∪An1-1,j
是关于{Y1j,

 

Y2j,
 

…,
 

Yn1-1,j
}分量不减的非负函数,

 

再次利用双参数弱下

鞅的性质可得

E[(Y+
n1,j -Y+

n1-1,j
)IA1j∪A2j∪…∪An1-1,j

]≥

E[(Yn1,j -Yn1-1,j
)h(Yn1-1,j

)IA1j∪A2j∪…∪An1-1,j
]≥0

所以

εP(A)≤∑
n2

j=1
E(cn1jY

+
n1jIA) (1)

同理可得

εP(A)≤∑
n1

i=1
E(ci,n2Y

+
i,n2IA) (2)

综合(1),(2)式结论得证.
推论1 设{Yn,

 

n∈N2}是一个双参数弱下鞅,
 

g是一个不减凸函数,
 

g(Yn)∈L1,
 

n∈N2,
 

且当k1k2=
0时Yk =0,

 

这里k= (k1,
 

k2).
 

假定{cn,
 

n∈N2}是正的不减数列,
 

则对任意的ε>0,
 

有

εP{ max
(i,

 

j)≤(n1,
 

n2)
cijg(Yij)≥ε}≤

min{∑
n2

j=1
cn1,jE[g

+ (Yn1,j
)I{ max

(i,
 

j)≤(n1,
 

n2)
cijg(Yij)≥ε}],

 

∑
n1

i=1
ci,n2E[g

+ (Yi,n2
)I{ max

(i,
 

j)≤(n1,
 

n2)
cijg(Yij)≥ε}]}

  证  由引理1可知{g(Yn),
 

n∈N2}是一个双参数弱下鞅,
 

再直接利用定理1可知结论成立.
若在定理1中取cij ≡1,

 

则有下面的推论.
推论2 设{Yn,

 

n≥1}是一个双参数弱(下)鞅,
 

且当k1k2=0时Yk =0,
 

这里k=(k1,
 

k2).
 

则对任

意的ε>0,
 

有

εP{ max
(i,

 

j)≤(n1,
 

n2)
Yij ≥ε}≤

min{∑
n2

j=1
E[Y+

n1,jI{ max
(i,

 

j)≤(n1,
 

n2)
Yij ≥ε}],

 

∑
n1

i=1
E[Y+

i,n2I{ max
(i,

 

j)≤(n1,
 

n2)
Yij ≥ε}]}

  定理2 设{Yn,
 

n∈N2}是一个双参数弱鞅,
 

g是一个非负凸函数,
 

g(Yn)∈L1,
 

n∈N2,
 

且当k1k2=
0时g(Yk)=0.

 

假定{cn,
 

n∈N2}是正的不减数列,
 

则对任意的ε>0,
 

有

εP{ max
(i,

 

j)≤(n1,
 

n2)
cijg(Yij)≥ε}≤

min{∑
n2

j=1
cn1,jE[g(Yn1,j

)I{ max
(i,

 

j)≤(n1,
 

n2)
cijg(Yij)≥ε}],

 

∑
n1

i=1
ci,n2E[g(Yi,n2

)I{ max
(i,

 

j)≤(n1,
 

n2)
cijg(Yij)≥ε}]}

  证  令u(x)=g(x)I(x ≥0),
 

v(x)=g(x)I(x <0),
 

则u(x)是一个非负不减凸函数,
 

v(x)是

一个非负不增凸函数,
 

且g(x)=u(x)+v(x)=max(u(x),
 

v(x)),
 

则

εP{ max
(i,

 

j)≤(n1,
 

n2)
cijg(Yij)≥ε}=

εP{ max
(i,

 

j)≤(n1,
 

n2)
cijmax(u(Yij),

 

v(Yij))≥ε}≤

εP{ max
(i,

 

j)≤(n1,
 

n2)
ciju(Yij)≥ε}+εP{ max

(i,
 

j)≤(n1,
 

n2)
cijv(Yij)≥ε}

由推论1可知

εP{ max
(i,

 

j)≤(n1,
 

n2)
 
ciju(Yij)≥ε}≤∑

n2

j=1
cn1,jE[u

+ (Yn1,j
)I{ max

(i,
 

j)≤(n1,
 

n2)
ciju(Yij)≥ε}]=
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∑
n2

j=1
cn1,jE[u(Yn1,j

)I{ max
(i,

 

j)≤(n1,
 

n2)
ciju(Yij)≥ε}]≤

∑
n2

j=1
cn1,jE[u(Yn1,j

)I{ max
(i,

 

j)≤(n1,
 

n2)
cijg(Yij)≥ε}] (3)

设A={ max
(i,

 

j)≤(n1,
 

n2)
cijv(Yij)≥ε},

 

A1j ={c1jv(Y1j)≥ε},
 

Aij ={crjv(Yrj)<ε,
 

1≤r<i;
 

cijv(Yij)≥

ε},
 

2≤i≤n1,
 

1≤j≤n2,
 

则A= ∪
(i,

 

j)≤(n1,
 

n2)
Aij,

 

且当i≠j时,
 

A1j ∩A2j =Ø.
 

因此有

εP(A)=εP( ∪
(i,

 

j)≤(n1,
 

n2)
Aij)≤

∑
n2

j=1
∑
n1

i=1
E(εIAij

)≤

∑
n2

j=1
∑
n1

i=1
E[cijv(Yij)IAij

]=

∑
n2

j=1
E[c1jv(Y1j)IA1j

]+∑
n2

j=1
E[c2jv(Y2j)IA2j

]+∑
n2

j=1
∑
n1

i=3
E[cijv(Yij)IAij

]=

∑
n2

j=1
E[c1jv(Y1j)IA1j

]+∑
n2

j=1
E[c2jv(Y2j)(IA1j∪A2j -IA1j

)]+∑
n2

j=1
∑
n1

i=3
E[cijv(Yij)IAij

]=

∑
n2

j=1
E[c2jv(Y2j)IA1j∪A2j

]+∑
n2

j=1
E[(c1jv(Y1j)-c2jv(Y2j))IA1j

]+∑
n2

j=1
∑
n1

i=3
E[cijv(Yij)IAij

]≤

∑
n2

j=1
E[c2jv(Y2j)IA1j∪A2j

]-∑
n2

j=1
c2jE[(v(Y2j)-v(Y1j))IA1j

]+∑
n2

j=1
∑
n1

i=3
E[cijv(Yij)IAij

]

这里IA2j =IA1j∪A2j -IA1j.
由于v(x)是凸函数,

 

令

h(y)=lim
x→y-

(v(x)-v(y))/(x-y)

则v(x)-v(y)≥ (x-y)h(x),
 

故

v(Y2j)-v(Y1j)≥ (Y2j -Y1j)h(Y1j)
再由双参数弱鞅的性质可得

E[(v(Y2j)-v(Y1j))IA1j
]≥E[(Y2j -Y1j)h(Y1j)IA1j

]≥0
此处h是非正不减函数,

 

IA1j
是分量不增的非负函数,

 

所以h(Y1j)IA1j
是关于Y1j 的分量不减函数.

 

因此有

εP(A)≤∑
n2

j=1
E[c2jv(Y2j)IA1j∪A2j

]+∑
n2

j=1
∑
n1

i=3
E[cijv(Yij)IAij

]=

∑
n2

j=1
E[c2jv(Y2j)IA1j∪A2j

]+∑
n2

j=1
E[c3jv(Y3j)IA3j

]+

∑
n2

j=1
∑
n1

i=4
E[cijv(Yij)IAij

]≤

∑
n2

j=1
E[c2jv(Y2j)IA1j∪A2j

]+∑
n2

j=1
E[c3jv(Y3j)(IA1j∪A2j∪A3j -IA1j∪A2j

)]+

∑
n2

j=1
∑
n1

i=4
E[cijv(Yij)IAij

]=

∑
n2

j=1
E[c3jv(Y3j)(IA1j∪A2j∪A3j

)]-∑
n2

j=1
c3jE[(v(Y3j)-v(Y2j)IA1j∪A2j

]+∑
n2

j=1
∑
n1

i=4
E[cijv(Yij)IAij

]

这里A1j ∩A2j ∩A3j =Ø,
 

IA3j =IA1j∪A2j∪A3j -IA1j∪A2j
,

 

且g 是一个凸函数,
 

{Yn,
 

n∈N2}是一个双参
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数弱鞅,
 

因此有

E[(v(Y3j)-v(Y2j))IA1j∪A2j
]≥E[(Y3j -Y2j)h(Y2j)IA1j∪A2j

]≥0
这里h(Y2j)IA1j∪A2j

是一个关于{Y1j,
 

Y2j}分量不减的函数.
 

那么有

εP(A)≤∑
n2

j=1
E[c3jv(Y3j)IA1j∪A2j∪A3j

]+∑
n2

j=1
∑
n1

i=4
E[cijv(Yij)IAij

]

重复上述证明过程可得

εP(A)≤∑
n2

j=1
E[cn1,jv(Yn1,j

)IA]-∑
n2

j=1
cn1,jE[(v(Yn1,j

)-v(Yn1-1,j
))IA1j∪A2j∪…∪An1-1,j

]

同样地,
 

h(Y2j)IA1j∪A2j∪…∪An1-1,j
是关于{Y1j,

 

Y2j,
 

…,
 

Yn1-1,j
}分量不减的函数,

 

再次利用双参数弱鞅的性

质可得

E[(v(Yn1,j
)-v(Yn1-1,j

))IA1j∪A2j∪…∪An1-1,j
]≥

E[(Yn1,j -Yn1-1,j
)h(Yn1-1,j

)IA1j∪A2j∪…∪An1-1,j
]≥0

因此可得

εP(A)≤∑
n2

j=1
E[cn1,jv(Yn1,j

)IA]

从而有

εP(A)≤∑
n2

j=1
cn1,jE[v(Yn1,j

)I{ max
(i,

 

j)≤(n1,
 

n2)
cijg(Yij)≥ε}] (4)

所以由(3),(4)式可得

εP{ max
(i,

 

j)≤(n1,
 

n2)
cijg(Yij)≥ε}≤∑

n2

j=1
cn1,jE[g(Yn1,j

)I{ max
(i,

 

j)≤(n1,
 

n2)
cijg(Yij)≥ε}]

同理

εP{ max
(i,

 

j)≤(n1,
 

n2)
cijg(Yij)≥ε}≤∑

n1

i=1
ci,n2E[g(Yi,n2

)I{ max
(i,

 

j)≤(n1,
 

n2)
cijg(Yij)≥ε}]

因此结论得证.
若在定理2中取g(x)=x+,

 

则有下面的推论.
推论3 设{Yn,

 

n∈N2}是一个双参数弱鞅,
 

{cn,
 

n∈N2}是正的不减数列,
 

则对任意的ε>0,
 

有

εP{ max
(i,

 

j)≤(n1,
 

n2)
cijY+

ij ≥ε}≤

min{∑
n2

j=1
cn1,jE[Y

+
n1,jI{ max

(i,
 

j)≤(n1,
 

n2)
cijY+

ij ≥ε}],
 

∑
n1

i=1
ci,n2E[Y

+
i,n2I{ max

(i,
 

j)≤(n1,
 

n2)
cijY+

ij ≥ε}]}

  若在定理2中取g(x)=|x|,
 

再令cij ≡1则有下面的推论.
推论4 设{Yn,

 

n∈N2}是一个双参数弱鞅,
 

则对任意的ε>0,
 

有

εP{ max
(i,

 

j)≤(n1,
 

n2)
|Yij|≥ε}≤

min{∑
n2

j=1
E[|Yn1,j|I{ max

(i,
 

j)≤(n1,
 

n2)
|Yij|≥ε}],

 

∑
n1

i=1
E[|Yi,n2|I{ max

(i,
 

j)≤(n1,
 

n2)
|Yij|≥ε}]}
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A
 

Class
 

of
 

Maximax
 

(Minimax)
 

Inequalities
 

for
 

Two-Parameter
 

Demi(sub)martingales

WEN
 

Hui-min, FENG
 

De-cheng, YANG
 

Ya-nan
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Mathematics
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Normal
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Lanzhou
 

730070,
 

China

Abstract:
 

In
 

this
 

paper,
 

a
 

class
 

of
 

maximax
 

inequalities
 

for
 

one-parameter
 

demi(sub)martingales
 

are
 

ex-
tended

 

to
 

two-parameter
 

demi(sub)martingales,
 

and
 

a
 

class
 

of
 

maximax
 

inequalities
 

for
 

two-parameter
 

de-
mi(sub)martingales

 

are
 

obtained.
 

In
 

addition,
 

let
 

a
 

non-negative
 

convex
 

function
 

act
 

on
 

the
 

demimartin-
gale,

 

and
 

a
 

maximax
 

inequality
 

for
 

two-parameter
 

demi(sub)martingales
 

is
 

obtained.
Key

 

words:
 

demi(sub)martingale;
 

two-parameter
 

demi(sub)martingale;
 

minimax
 

inequality
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