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Stabilization of an ODE-PDE
Cascaded System by Boundary Control

LEI Yuan. BAI Yixin, XIE Chengkang
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Abstract: In this paper, the stability of a class of coupled ODE-PDEis considered. A control law of the cas-
caded systemis established by backstepping, and the exponential stability of the closed loops is achieved.

Key words: boundary control; cascaded system; stability

AR AT R RS
X (1) =AX () +BU, (0, 1)
U (x.t)=U,(x,t)+AU(x, 1), 0z <1
U, )=0
{U‘,.(l, 1) =C()
H, X(0) € R BaRmRmE g, BE, BESYHSH, HFA.BER™ HA, B) R, U, ) €
R MIREZE, A € R, CQo) € R EFHEA, 0 328 Z 50 M a2 i 7.

1 =EHlEFiit

ALBIA—NEE(X, U) — (X, W) .

Q)

Weks B8 2019 -06 - 16
HEWH., BREHARB LS HE(11671326,11571055,11401487) 5 PR AT EL Al 5 B Y AF 583+ 21 30 B (cste2016jcyjA0239).

&N & W, B, E2 N7 BT
WA W, B



% 9 E OB, F R F My SRR TR EEE R G DR IE S 55

X@)=X)
(2

Wz, t)=U(x, t) —J"cpu, WUy, dy — WP (2)X (1)

XHEKERBE O, y) € R A REY (x) € R 5. 2Bk 25 (D i h— M EFa e H
PRARGE, TS AR d AL, 84 P 38 3 G0 0 e e M 3k T DA g 2 A 46 KRG 3 A 6 ot 7 kSOl ok E 1Y H A
REWMT
X (1) =(A +BK)X (1) +BW,(0, t)
JW,(.Z‘, ) =W,  (x, 1), 0<x <1

W, 1) =0 )
W, (1, t)=0
Hoikw K € R f#ifF A + BK J& Hurwitz F5FE, b T2 7 B4 (3) 55 4 X, BuksdlEh
U.(1. ) =C) :qum, DUy Ddy — P(DHX (1) )
PREL @ (s y) RIS W (o) W2 anH A
(T, ) — D, (x, y) —D(x, y)A=0
JZ@’(I,I)-Q—A—O (5)
D(x, 0) —¥Y(x)B =0
¥ (x)— W(z)A =0
TR (2) 5 2 NP R TR () 2 3 2N, AT AR R M R AL W (o) I — AN RSN
w(0) =0 (6)
BEAN, RS X ) WA 1 AT EAG 551,
(KX () +W,(0, t)—U,0, t)) =0 (7
AU T S5 A4 1T
¥ (0) =K (®
TS, M R R O B2 (5) 5 4 LI B4R (6) FIN(8) . AR SUAR B AR B 5 B 1Y — > U R
1
qfu)—KZ mAk (9
HWR B R G) KX, ﬂﬂ%*ﬁ@%&%&%i_ﬁ%#%%ﬁ
D, (x, y)—D, (x, y)=DP(z, y)A
D(x, I):*iA
I7k+l
Dz, 0) KZ mAB (10

AR SR B S FR O D7 R B UE I VR SR A G Uﬁ’%, FOR e #e vT 2 2% SCHR 15 ], )i 45 21 4% R KL
figt

2k+1

O Cr, y>:—yA+KE (=) gy

2k 4 D1

i—j . 2k+1+i+j

i=1 k= ojo(Z ])!(2k+1+l+])!4

2\
(z' *y) i+l
zyZ;” D A (1D

2 REM
FOGHE W] RS R 45(3) (RRE L,



56 THRFFHOGARBF R http://xbbjb. swu. edu. cn % 43 %

Bl 1 XTHIRARLEG), fifta >0, 8 >0, ffifg
IX 2+ Twe 12, <aCl X 2+ W) [12,)e* (12)
W HbR ARG H, 08 e RcRE . Hb | - ] FRBOLEAEE. w0 w9 H, S
B, 1

1

2

1 1
(RIACON I :(J W, )Wz, dx +ij Wz, )'W(x, l‘)d:r)
0 d.l' 0
WE IR A R eR
VO =XO"PX )+ LW |2, (13)

XHEPHFE P > 0 J& Lyapunov FR%

P(A+BK)+ (A+BK)'P=—1 (14)
Rfie, Hod I Romn AN, a > 0 BB ENSE. X Lyapunov BREL(13) LT ¢t kRS, BT
Wil R4 (3) . BT LLA

Vi) =X "PX () + X @) TPX (1) +

1
%J (W,(Ia It)IW(Ta t) +W(1‘a t)TW,(l‘a f))d1+

%ﬁ(Wﬁx, OW, (e ) +W, (xy O'W,, (x, t))de =

— X)X () +2W, (0, t)'B"PX (1) +

aﬁwu, OW. (z. de JraJ(l)W! (xr OW, (z+ da
WA A, AR TR B 3 A L A

Vi) ==X "X () +2W, 0, )" B"PX (1) —

aJ';W,,u, D'W, (. Ddr —aJ.;w,.J (x+ OW, (. Ddr

KA Wl 2T B (3) 55 10, FrLA V(o) Tl 2
Vi) <— [ X)) || +2w, 0, HO"'B"PX (1) —
W, O 17 —a| W W, Gy e =

— X 1" +2w, 0, )'B"PX(t) —
aCllw, @ 12+ ITw, @[ 2) (15)
i1 Agmon A% 2. Cauchy-Schwartz AZE M Young AEEE

. 1
V) <— S I X [*—=G@—=20B "I PIHclw, @I+ w5

14
a=2[Bl*IP|*+2

T Poincare A% %
WJl (ls f) :07 W(Oa t) :0

(53
. 1 ) 1 2 2
V() é—? | x| _?( w12, + w12, =
1 2
— 5 X @ P+ w10 (16)
XK

AP XD XO™PX) <A, (P IIXW|*



% 9 E OB, F R F My SRR TR EEE R G DR IE S 57

Hor A (P 2 P ECRFFAEME , R4, w1 (13) AT f3

a(IXO "+ Iwo 2O <ve) <a (X5 + w20 an
Horp
a, =min{lmm(P), %
a, =max{lmx(P), %}
el LR F|
V(i) <V()e® (18)
iiﬁi;?—— QD a8 BRI 12 mar, NmELIE T F 3T RS R E .
ﬁ%%ﬁ@)ﬂ s W REIE R AR e, SRR A B T E X
X)) =X)
U(x,t):ﬂV(x,t)+¢~L(1,y)WKy,t)dy%*Q(x)X(ﬁ
e RCRBE R @ (2, v) W () MBI, 66153
2k+1
s k—s
QQ&—?%?Q)EFIﬁfAKM+ﬁK) (20)

2k+1

) .
P DT

ZEﬁSF&W)AKm+Bm’m1x

i=1 k=0 s=0
< (— Dia, 2y) 7 (a — )"
= G—) Qk+14+7+)! Ve

oo Nt 2 2N
ST DM@y Et 1)
S GHDL

SIE 2 ARdR(2) MR (19) B BT, BFE/EERE 6.0,y fy fHif5

w2, <o luw %, +5 1 X |7 (22)
lo 12, <7 w12, +7 1 X |2 (23)

o ONAEH2) 8 2 SRR T T
W < 10 |+ 1 @, UG, ody |, + Teexo |, (24)

BT XS 2 WUMES 3 Wt f5fkit. Bk
Hf¢u,wvw,w®w;mgHf¢u,wU@,n®H;+
0 0 -

<H D(zx, 2HDU(x, t) | iy I Jd) (zs YUy, t)dy | Lz)-

W Holder AS45 K
[ Jl‘q)(l‘, WUy, t)dy || <6, Uy, o |l g (25)
. ) )

\|f%pltr,y>U(y,t>dy\\jzs;55\\U(y,t>|\; (26)

|

11
0, :J J | ®(x, y) || *dydx

11
0, :JJ | @, (x, y) || *dydx
0J 0



58 THRFFHOGARBF R http://xbbjb. swu. edu. cn % 43 %

[Fi) B phy 06 72 o m) 4%

| ()X () <ol X)|? Q27

2
Hl

Horp
EZJ: | v | de+J: | ¥ () || *dx
H, mx24),025),(26) K (27), XMH
=140, +0,
B (22) war. I ATIER (23) BT,
ARSI EE 1 AT E 2 7T LA E R .
FE1 OO, y) MY BHFEAD &) Wik ZEASG D), #EHlE @, WAL o 15

[ X)) 2+ U
B R G e LR IR T BRI 5 E 1.

2ol X [*+ U [ 2e * (28)

SE

[1] HE C H, XIE C K, ZHEN Z Y. Explicit Control Law of a Coupled Reaction-Diffusion Process [ J]. Journal of the
Franklin Institute, 2017, 354(5): 2087-2101.

[2] ZHAO A L, XIE C K. Stabilization of Coupled Linear Plant and Reaction-Diffusion Process [ J]. Journal of the Franklin
Institute, 2014, 351(2): 857-877.

[3] TANG S X, XIE C K. Stabilization for a Coupled PDE-ODE Control System []J]. Journal of the Franklin Institute,
2011, 348(8): 2142-2155.

[4] TANG S X, XIE C K. Stabilization of a Coupled PDE-ODE System by Boundary Control [C] //49th IEEE Conference
on Decision and Control (CDC). New York: IEEE Computer Society Press, ,» 2010: 4042-4047.

[5] ANTONIO SUSTOG, KRSTICM. Control of PDE-ODE Cascades with Neumann Interconnections [ J]. Journal of the
Franklin Institute, 2010, 347(1): 284-314.

[6] ZHOU Z C, TANG S X. Boundary Stabilization of a Coupled Wave-ODE System with Internal Anti-Damping [J]. Inter-
national Journal of Control, 2012, 85(11): 1683-1693.

[7] LASIECKA 1. Mathematical Control Theory of Coupled PDEs [ M]. Philadelphia: Society for Industrial and Applied-
Mathematics, 2002.

[8] SMYSHLYAEV A, KRSTIC M. Adaptive Control of Parabolic PDEs [ M]. Princeton: Princeton University Press, 2010.

[9] KRSTICM, SMYSHLYAEV A. Boundary Control of PDEs. A Course on Backstepping Designs [M]. Philadelphia: SI-
AM, 2008: 1-63.

[10] KRSTICM. Delay Compensation for Nonlinear, Adaptive, and PDE Systems [ M]. Basel: Birkhauser, 2009 1-83.

[11] TANG S X, XIE C K. State and Output Feedback Boundary Control for a Coupled PDE-ODE System [J]. Systems &
Control Letters, 2011, 60(8): 540-545.

[12] TANG S X, XIE C K. Stabilization for a Coupled PDE-ODE Control System [J]. Journal of the Franklin Institute,
2011, 348(8): 2142-2155.

[13] ZHAO A L, XIE C K. Stabilization of Coupled Linear Plant and Reaction-Diffusion Process [J]. Journal of the Franklin
Institute, 2014, 351(2): 857-877.

[14] HE C H, XIE C K, ZHEN Z Y. Explicit Control Law of a Coupled Reaction-Diffusion Process [J]. Journal of the
Franklin Institute, 2017, 354(5): 2087-2101.

[15] LIU X, XIE C. Control Law in Analytic Expression of a System Coupled by Reaction-Diffusion Equation [J]. Systems
&. Control Letters, 2020, 137 1-5.

[16] LI G P, XIE C K. Feedback Stabilization of Reaction-Diffusion Equation in a Two-Dimensional Region [C] //49th IEEE
Conference on Decision and Control (CDC). New York: IEEE Computer Society Press, 2010: 2985-2989.

C17] X8 #, Wb Re, XL, — MG My MRS A bl [T, W KRE%M A RB2MD, 2017, 39(5):
126-131.

REHE K M



