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Finite Groups Whose Set of the Number of
Abelian Subgroups of the Same Order Is (1,3}

QIAN Yan, CHEN Guiyun

School of Mathematics and Statistics , Southwest University , Chongqging 400715 s China

Abstract; It is proved in this paper that there is no finite group G satisfying the condition that the set of the
number of abelian subgroups of the same order is {1, 2}. Furthermore, it is determined that the structure of
the finite group G whose set of the number of abelian subgroups of the same order is {1, 3}. It is, hence, derived
that for a group G, the set of the number of abelian subgroups of the possible order is {1, 3} if and only if the set
of the number of subgroups of the possible order is {1, 3}.

Key words: abelian subgroup of the same order; order; group structure

A BB A 254 — BB AT o8 b — A SR S AR B UL, T B A 1 5T 5 5 A I B A B I T A B S e
de. BN . AEEEAT R A G 1Y Sylow FREMAECZE {1}, W G HRHEHR.

P, i a7 7 A B RRIE R WE ST RE G RS SR A B SR N, R ZRRE s E NP T TRk
P IH . ARER TR R L B . B R ASSH TRER B 2 4R . LA KT TR B A R0 4R O g AR A I
LB L AT SR IX 5 TR A R BT S WSk 1-12].

ARSCOCTE [ B 32 5 e RS HESS MY G &R L IR0 14 G IR B sc e TR Rz A (1, 3) T G
AIZEHE. HIRIX R RAFTER . WS, i LS. 3 Ah, AR SCWUER] 1 R B sc e TRED B o0 (1, 2) A

Wk H . 2020 - 07 - 25

HETWH. ERERBAIESTH (12071376).
EHRA . & &, WA, FEANEFOL M.
WEEH . Wz, Bz



% 10 RO, F AR THEANKZE AL, 300 A 101

FRAE RN, B, AR50 R W sc e F RN B2 0 {1, 3) IRE G 25 A 2 L.

AR SO UE B 0T i B

EE 1 WG EABREE, WTEZ58 W7

(a) NFEAEA REE G, (75 IL R By e 3 7 BE S B2 2 (1, 25,

(b) G WFE A TR ZAE (L, 3) WAELUEG RWT FIRZ—.

(b1) G =(u) X ({bY X ¢a))y Hhu' =1, 4" =1, 06" =1, a "ba=b", 2%k, 3V k3

(b2) G =(v) X Q- HH 2V 0(v). Qs NIUTCEEE;

(b3) G =(w) X G, Hrf 2Yo(w), G, J@2" ", 2)- BIZHRE;

(b4) G =(d) X Gy» Hh 2% o(d). G, F2ES LPUTCHRE, H G, = (ev oo e’ =1, fF=1, f lef =
eHZH , n =4,

M SCHRLIL ) A 4. 345 5 G B FRED 240 {1, 30, WG Rarag[FA F LA B (bD-(bd) BEZ
S £ o | W AT

IR 1 WG ONARREE, WTIZ58 5.

(1) G BRI sc e FREDN B2 AR (1, 305

(i) G BRI By FREA S R (1, 3).

ARSCHT W KBNMBZ AR, (G Bt |G| MIMARBFMES, X q € n(G), Syl,(G) Fin
G WA Sylow - TREES . G, FR G HEA Sylow - THE. G=A X B #/x~xG NA 5B L HEH,
Hrih ALG. HAFF 5 FARES W CH[13].

AT UEBER 1, BRI AT,

SIFB 17 &P RE—DEEME—p TR p- BF, A4S P RIEIREE, B p =2 H P &) LY
TCELHE.

Bl 2 B P |=p"s1<<m<n. &P BRHEAp" BT, W P NIGFRRE.

I3 Wpe (G), PeSyl,(G), HG MR HRTFEENRZERL, 3}, W

(i) # P AME— p BrFH#E, WSE P ONIEEARE, 808 p =2 H P ) LU CHEE

(i) # P AWK LR p BrF8F, W p=2, H P82 HFHADEH 3.

E () & P AME—p BT RE, WS 1 BIaT453] (1) mior.

(i) ZPAHMNEL EWp I TRE B1#£ € Z(P), H | z|=p. WPHEEE FTREL # (). H
L{z) =L X<{z) H(p, p)- WZHFHE. X L) &4 p+ 14 p Brsce 7R, H G WIRIB 28 7 BEAS
B HE R, 3), i p=2, HPW2HTRENEN 3.

5134 g€ n(G), Q€ Syl (G), Hrpg harR%, HG MR g FREADN LR, 3}, MQ
JEFHEE, H QG.

iE mBIE 2 A, QL NTREEREE. N G i Sylow - TREIANBCN 1+ kg, H g W& EE. L
1+kg=1, B 14+kg>3. XHKGHFEMHZLHFRANEZERTL, 3}, FTL1+kg HEEFET 1, N
M Q< G.

5138 s REE D, A 5 A 2 B TRE. 34 4 R

I 6" R G KT XWITEEE, 5, (G) Fr G 1y 2" B FREMA %, W

G 1 k=0,1.n
2"t 41 k=2,3,n—1

5187 A |G I[=8, HG MR FHANZERL, 3}, MG HATGER M, 2)- B AT
B Q..

E ASCHRC15 ]/ 3. 4. 3 1, 8 T BFZERI B SN 384T 5 3%, 430illJ2& Cy ,C, X C, X C,C, X C,5Qy » Dy,



102 BT HRXFFROA R http://xbbjb. swu. edu. cn B 43 K

ANTR o it b = s g ae Y N ) T a (£ i e - <

FAN Cy HIEHRHE, TLLERNS FRAZA N 1, B gt Wi C, /9 R B 22 e T 8 121
ZHER{L).

HHAC, XCy, XC, TR B, HH 2 PR —D /@2 —1) =7, 4 Br FHA
Boml2'— D@ — DI/ —D@—D]=7, il C, X C, X C, HFHZH TR E R, 7).

AR

C,XCy=C(asb:a'=1,06"=1, [a, 6]=1)

Sy Cy X Co, WA FREA N sc s, H 2 B 78 34>, 23k G™) by (a®bys 4 By FREWAT 34>, &
BIR @’y X by lay Cabd. FILL C, X C, MR S e FREAN B2 2 M (1, 3).

KA Qs=(a-b:a'=1,a"=b", b"'ab=a""), HHEETHY . HIIHE 6 AliHHEA. H2 KB
TREA LA, Ba™ s 4 TREA 34, 0518y . by Cab). AL, Qs MR A2 e THEAN B2 S 0 (1, 3).

H 5138 5 A 8 By ZIHAARE Dy MR 4+ HEA S 2 R M (1, 3, 5).

SIEE 8V & P 16 B 2- BE. H P MR B s FREN B AR N (1, 30, W PO HAE T
TEERE, EXLXR NP =<a,b:a*=0"=1,b "ab=a’).

513 9" %P N—DEATEHN R TR 2- B, W P HALLE 6 A AR R

(i) 2" MEREE, P=(a)» a® =1, n > 1;

(i) 27, 2)- BISEHBE, P =(a, b)s a” =0" =1, n = 2;

(i) 7~ S TTHERE, P =C(a, 0>y a” =1,a” =0, b 'ab=a 'y n =3;

V) Wi EE, P =C(a,b)sa’ =1,6"=1,0 "'ab=a '+ n = 3;

(V) 2T XU cHEE, P=<a, b), azr1 =1, b"=1, b 'ab =a“2"72 s n =4

V) P=C(asb)sa” =1,0"=1,b"ab=a """, n=>4.

513 10 % G o MIARSHAE. HEMFTA Sylow FRHEHR. W G HTAEHREE. G= (a. b). a” = b" = 1,
bl'ab=a s (G—Dnsm)=1, v = l{mod m), | G |= nm.

SIE 117 WG R, p")- Bz p- BE. Hohom <n. WEEG 1 p* T REMAECH

1 k=0, m-+n
S/)(G)ka+p“+---+p+1 1<k<m
‘ pr A" et p m<k<n
[p"""’wp”""l1+---+p+1 n<hk<m-+n

R 1 HIE R

HE (& p €x(G), P& Syl,(G).

FPAYE—p By FRE, WSE POSIRIRRE . S p =2 B P ) CITTERE. 4 P RS S TCRCRE R
5B 6 THEE AR 4 B T RENECE A 3. PR, 4 P ORIRIREERT . B G 1 Sylow p- FREAMEON n =1+
kps Frlhn=1, 8% n =3, XK G WRIZHTREDEZEN L, 2}, Frlla=1. #MHEH G A
Sylow T HEIE M ELAGHE . # G R ARIRRE, T G B4 B TR BOI 1, AW BT A 1F. 25 P A P R L
R p BT RE, WIS S0) FHEAE p+1=2, X5 p =2 FIE. % EAg, 4t #HE.

(b) 718 3 MM 4 G =H X G,. Hr HAGFRH 2\ H |, F 84 PR o047 08

W1 B G, HWE— 2 B FRE, W G, SCHIEER S A S TTERE.

W G, HEFREE B4 | Syl (G) |=3. 8 G, 4G, T/ G A3, HFiA Sylow FREFEER. M 5]
B0 14, G WIARHRRE. B0 G, o Sylow FREEAKOY 3, BTLA3 || H | X% || H | Ho# 2.3 04

(G, G, =1, AT G= (W) X (G, X Gy Hp [ u =k, (ke 6)=1.G,= (a)sa’ = 1. m=1,



% 10 RO, F AR THEANKZE AL, 300 A 103

G,= ), b" =1, n=1,0a "ba= b, Hii G, RIEEMFTH 3"} & — 1.

FIEn= 1. BN [ SyL(G) |= 3, Filh | G, + N (Gy) |= 3, W | N; (G |= 3", FRi&E
Ng (G, = (b*)y. XK NG (G,) =Cq (G #[6° al=1. WNa ba=b", TR =a 'bia=b",
W% =1, Fle 3 [ (r—D. Ea=2, WA 3| G—1D. XEHKG, X G, FUAEHREE, BTLLG—D2",
3 =1, X553/ — 1D FJF. Hittn=1

HiEr=—1. BN r Z 1(mod 3), ffLhr =0(mod 3) 8% r =— 1(mod 3). HEEEM o ba =0 HI
(r, 3)=1, WM r 2 0(mod 3), THr =—1(mod 3). HI r=—1.

GRS

T=G,XGy,=¢(asb:a” =1,6"=1,a "ba=0b")
HE X R A T M Sylow 2- FHENM K FREEGA 34, Bl<ay.(ab) Cab™ ). XL <T, %L & 2-8f. W
L &F T 1 Sylow 2- F#Erh. FA T 1) Sylow 2- FHEHA 34 BAGH, FS L WM TFHEZH 34
M Sylow FHEALHL LG A, 5 L FIB 69 FREILSE, 805 L W FREAE0C 183, i L A2 2- §F,
WL B 20 « 3, U T BB 270 « 3 IR FRE, AL K FHED S a®) (b, (ab)*) (b
(Cab )by XHESLRRATA Cp (G =Ca’y, BI[a®, b1=1, IMi<b) X (a®) =Ca®) X <b) NEIRHE
|

(a™ by ={(ab)* )by = ((ab )*)(b) =(a") X (b)
T BB A 27 e 3EIR FREEA 1A, BIAGa™) X (o). L ERFR, T WK FREEIR . HIRIB oK
TR BZ R, 30, #EM T By 2" « 3R [EIB AC e FRHE B 1, A6 B 1 M4, 25 BTk, ik
B G X EHE 1(h) Pl (b1) 2K AIRE,

WER G, Ry~ LT HEE, AR G, 4T B5IE 6 A G, HEEN Q. NTHIEW G, 1G. #&
G, 4G, W B 1 &M . G B4 34 Sylow 2- TRE, ¥ H P 3 9EH Gl 2Goy Gy s BEATIR I
P H A 344 B FRE. IR TR 4 B FREAS 0T R AR S 845 G BRI s FREA B B (1, 3)
FIE . HILEATH 4 B TRES BRI ARSE, XIAN Gy oGy Goy B0 I 4 By FREE AL, FTLL Gy =Gy =
Gy s X5 G 1Y Sylow 2- FHEANEDL 3 FIE. FHG, <G, 2 BT, HEF G X e 1) 1k (h2)
JERI B,

W2 &G, 2 TFREAECH 3, X G, BEZHHFITIHE.

&% G, HCHBE, W G, MR TR, HILB KRS 3. M G W | G, | /2 B F#F
HA 34, i G RfEA 14 Sylow 2- TR, B G, 4G, T G WA HREE, W ER 1 MAHSENT G
FITR B T REAN B 46 (1, 30, M SCR(1] B B 4.3 R G NS BRI BInl, 58], 4 G, N
2", - RIEHBER . G R EE 1 &M, L5 LTI, MR G X EEE 1(b) P (b3) ZRALEE.

B G, AAESCHAE, W | G, | = 8, BRI 43 LR JLFME R T8 .

(i) & | G, |[=8 H G, 2 Br FRENECN 3, 118 G WZ5H. g1 B 7 1, AAEAE I 2 A5 1 1Y Ak 28
2- B, MO BEANTEAE.

(i) % | G, |=16 H G, 2 Br FREDECN 3, 1HE G WM. ol 8 %1, G, HAE NPT SCpuoe B,

(i) & | G, [=2"n=5H G, W 2BFREANEN 3, WK G, HagEE X IHIcE.

EBIY 0 =5 BF, G, HARR P X UoT i,

FIE G, MWK TFHEM. 4 M Z4nt, MOSIEIRREE (27, 20)- BIAgHedE, Hbr +5 =4, X g3 11
HI2, 2°)- RIS A T A B TR, XS EH L AR E . B M ORI R (27, 2)- RIS R, Y
M AEsZ b, M A 1A 2 Broc, WM J& ) P STEORE . SR 513 6 1. 16 B SCPU JCBORE AN T 2
B MSAE. A M A 3A 2ot W L () %0 M R O oe B, Zf ERTAR . MORPEIREE. (27, 2)-



104 BT HRXFFROA R http://xbbjb. swu. edu. cn B 43 K

RIS B 16 B2 ) oAk,

MM RPERFERS, WG, 539 P RE . Sl THERERY [E Y S i HEA RO . G )T SO T RO
PRy (20, 2)- BUSE 4 E AN 16 B2k ) SCPU T EORE 19 8 By E AT 2 38 e i ANk 3. X G, R B 38 4 1
BN EL N, 30, W 5 M AXBEANEZ—, WGBS B8 BEAE M BIX 3 R FREH . i
G, WEANWK PR R TR S /E M N, #10 G, PRGN K FREZ MO K TR T M. H G,
EOHIANWMAKTRE, WG, ~EELEA 2 DMEAWK TR, FHIG, Moo, HG, H 342
TRE . B TR R B A e RSO G, 32 Bl Y ST AR

BEY n=r — 18, G, —AFT X WUTCEHE, RIEIY n =k BF, G, B—AF) X UITEEE.

TR %18 G, MR FRE M. 2 M s Bt . M O IER#Eek (27, 2)- BRI ff, Hpr 5= —1.
NEHBIE 9 K, 2 M RAETER A BT, M HEE R (2, 2)- BISEHRBE. Y M AR BER, WM R G
14270, B4 M REERT LPUTTHEE, (B2 5B 6 7158 M A9 4 By FEEAECN ., T VO TTRCRE A 2
EF L& R M A 34 2 Brot. WM R B Be 37 RES B O (1, 3, B A g, M k) L
JUECRE. RL, 3SR AT I3 M ORFEARRE, (207, 2)- BUsg ol 2 B ) SCpUon e, RIS TR 0 =5 B
FIIERA AT 15 G, N2 X PUoCBORE. 25 ERrk, 25 (i) A i) ST, GOARXT R FE 1(h) () (bd) ZEAIRE,

BT 1y 4 X R Y Sylow 2- FHEEL AR, PR E HE 1(h) 1 (b1) — (b4) KB ER[EHY . ik
AR 1 2518 (b) 1HIE.

SE 3k

(1] ZBoLHe, BHE, Bt =, 083 TR BN 5 WA R REERE (1], MRS K20 (A SRR . 2012,
37(4): 12-15.

(2] R B WAWAFRILHEKOARR [J]. BeES¥M, 2011, 544 619-622.

(3] s, 2k, R FRE MBS A RBE RS [0, Bh Il B = B R B 2 CH KRB MO . 2007, 25(6)
7-10.

(4] 22 &, W8 BH 6 MEERFHOARM ] MR iERFEERAARRIENO , 2015, 4012): 7-11.

(5] =4, XMW, SMEME. BEHICAEON 6p g WA REE [J]. PRI RS%24I0 CARBIERD . 2021, 46(4): 1-3.

(6] & &, M EH. KT Conway HEFFI Fischer JLREAY 21 [T]. 7955 K= CHARHERRD » 2020, 42(10): 96-100.

(7] W %, iz, A 10 EERTRAAERTER ()] FIRITNKEER(HAR2EMD , 2018, 43(10): 5-8.

(8] WHEE, Wit m. MRZSHF /M B X BEM 45 1Y 52 [T, 79 m RS54 CARBHEBD . 2009, 31(10): 106-108.

(o] BREME, STMIF. R FRANEES T, p 1WA RBEANE 2538 [T]. PRI RS (A KRB D, 2010,
35(3): 1-3.

[10] Z=HH, Kits. RN TFRHANRZEN, 3, AR [J]. R REERAREIMO . 2017, 39(6): 54-59.

[11] BREZME. FE—E &0 TR F RS A BREELS WA m (D] SR, PR k¥, 2008.

[12] KURZWEIL H, STELLMACHER B. The Theory of Finite Groups [M]. New-York: Springer, 2003.

[13] #WIE. ARREESTCEAD [M]. dbat. Bh2fmirat, 1993.

[14] Bebkk. B D, 9—26 PR (1], SR HL S BE 2k, 1982, 3(2): 97-102

(15] BRER. ARESEM (M. S HIKIE ML, 1983.

[16] Esis. 16 BrdkscHh 2 BEMFRESE M (0], RIFIF A4 BE 2 4 CH AR BLA D - 2013, 12(3) : 62-66.

p=: =

REmE A W



