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Abstract: The definition of the existing incomplete multi-scale information system has limitations. Name-
ly, only the missing unknown value is considered, and objects unknown at an attribute are missing at all

scales of the attribute. First of all, the incomplete multi-scale information system with mixed semantics is
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defined in this paper based on the two kinds of semantic interpretations of unknown value. Secondly, in
order to maintain the partial order relation between scales in incomplete multi-scale information systems
with mixed semantics, the data is supplemented according to the granular information transformation func-
tion and the characteristic relation model is extended. Then, the representation of information granularity
at different scales and their interrelations are given. The concepts of upper and lower approximation of sets
based on extended characteristic relation are further defined, and their properties are discussed. Finally, a
sequential three-way decisions model is constructed in an incomplete multi-scale decision system with
mixed semantics, and an optimal scale selection method for minimizing uncertainty is given based on this
model. The experimental results verify the validity of data filling and the extension of the characteristic re-
lation model, and show that the scale with the least uncertainty can be selected as the optimal scale by the
sequential three-way decision model.
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k=102, 0, j=1,2, =, m}D) B—PNREBBEXTHAZEHZL
I—1, R¥E X CFA =30k, w338 X XF

EFE6 ®S=WU, A=W, {a
RF{{%AE\?\%~ Xﬂ‘ﬂ:ﬁ?ﬁjiﬁﬂ‘}a% S* ’ k :la 29 R

AN =S
D 4% ACP(A"', X) ={x € ACP(A*, X) | K .. (2) & X}
2) 445 . REJ (A", XD ={x € REJ(A", X) | K .. (@) N X =0}

3) AHE -
b X) U f{x € ACPA", XD | K 40 (@) E X} U

UNC (A", X) =UNC(A*,
{AT eRE](Aﬁy X) | KAk+1(x) m Xi@}

iIE HHKHE}EB%DKM(I)QKB&H(I):

D XF Ve € ACP(A",
REJ (A", X5 A K o0 () © X M« € ACP(A™, X)),
D MTF Yo € REJ(A". X0, AR K, (o) N X =0, TEA K @) X Wits &

ACPA*""', X)3 H K () N X=0 WH 2+ € REJ (A", X).

XHK () NX#0. Witz & ACP(A"', X) Hax & REJ(A"", XD

iR B E 1D2) AHEM

T V€ ACPA', XDIRAA K (o) S X, B K () N X # 0, HK o (2) EX WA
x € UNCA", X5 X+ Yo € REJA", XD MAA K, (o) N X = 0, WK () & X8
XD BRSA K (o) E X IR

v (@ N X # O WA 2 € UNCA™, X); X F Va € UNC(A!
() NXA#O, e € UNCA", X). HkiFs3)

k(l') ﬂ X#@» lﬂSKq/u(l)Qc_XjTHKM 1

A IE 1
X), REJ(A*, X) MIUNC(A*, X) Mk REF| £+ 1 KRB ZPEA

i€ BE 6 1 =3 ACP (A",
TRy, A8 A R e B 7 iR,

EE7 ES=W, A=W, {a' | k=1, 2,
REFERS. X TFHRIEHAEH S . k=12, -, -1, H:

1) ACP(A*. X) D ACP (A", X);

2) REJ (A", X) D REJ (A", X);

3) UNC(A", X) ST UNCA*™, X).
NUTHAZRZELZREGBE RGN T R = LR AR 7 R CHAL) R F X ACP(AY,

RA1E
X) Ml REJ (A", XD Wik — ik, fif5E T ACP(A*, X) #{ REJ (A", X) X% n] fig 2 4% hin 2
UNC A", XD . = 308 e 2 RUBE B b RO A A s S B an 18] 1 B
3.2 ETFR=IAREINERREEREZE
TERTE# 2 REPOR R G rh . RO R A0 1) PSR 53 46 19 AS 0 7 /N 1 7 R R 1) O 2 6 v 3R LAY
M, BN E M S/

AR AR 5 = SR AN € (UNC) 22 10 DR 5 2 58 19 AN B 52 1

I.j=1,2, . m}) 2—PMREBXTHAESREZ

0D iy B

HLR AT BERLAY ROBE AT Foe I RUBE .
R LT RS & 2 R RS LIRS -

EX 11 —PIRAIE
S=W.AUdH=W,{al [ k=1,2, =, T,5=1,2, . m} U {d})
’I’j::l’ 2, e, 7”})1% EélﬁxTEﬁTE%gRﬁfﬁugéﬁ{»

Hh@W, A)=WU, {a} | k=1, 2, =
A RFIFRIESE, d € A R—DERRERME, FRARKRIE, d: U—>V,, V, BIRIENEd 19E R
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||
| ACP(AY, X) UNC(A', X) REJ(A', X)

=~
Il
_

=~
Il

<

=

| ACP(A™, X) UNC(A™, X) REJ(A™, X)
k=m+1 | I |
' ACP(A™*1, X) UNC(A™, X) REJ(A™1, X)

ACP(A%, X) UNC(A, X) REJ (A", X)
Bl ArRESREEERGMFR=XREER
BN 12 d(x) N FEHKEEd THEHEME, X TIREYE d SN ERE LN .
R,={(z, y) e UXU |d(x)=d(y)}
WH x BREE L ], ={y € U | (x, y) € R,}. mFEEME 4 FHHRD U/R, =[x, | x € U).

EES WS=W. {a' |k=1,2,,1,j=1,2,,m} U {d)E-DTREELTHREGELZR
EUR ARG, WA ={al,al, = an s MTFHEBRIANEHS . U/R,={(D,, Dys . D, }s k=1, 2, +,
I—1, ¥ D, € U/R, XRTA" W=ZU5K, a3 D, XT A" )= 3R.

D % ACP(A"', D) ={x € ACP(A*, D) | K ,.(x) & D,};

2) #i4i. REJ (A", D)) ={x € REJ(A", D) | K ... (a) N D, =0}

3) AN E

UNC(A"", D) =UNC(A", D) U {x € ACP(A*, D) | K ;. (x)ED,} U
{x € REJ(A", D) | K ... (x) ND, #0}

AR, WA REER N, UNC(A*, D) BRI, &3 6 5B 8 AW Z A 7E T = S e 3k iy H br Xt 4
AR BB, mir# A AS R TR AR R S 0 8 35 60 H AR BE A& AT P 51 = S U, T o U2 ok
RIEMEF R4 U/R, W75 = 3P0k,

EX13 S=WU,AUdH=W, {a" | k=1,2, ,1,j=1,2, -, m)U{d) RE—PTREHEX
THATELZRERERG, id A ={al. aby s a) ) M THIEAEH S, 2 € U, id:

o) ={d(y) |y €K, ()}
9, () & KFIEMEA FES b REE T M) LUK AH.

FE9 HS=W,{a|k=1,2,.1,j=1,2, . m)U{d)EZ—PTREHELTFTHAZELELZR
RS, X T REEANER ST, U/R,={D,, D,, =+, D,}. YD, €U/R,., #7x € UNC(A", D,),
WA o, (x)[>1.

E Yx € UNCA*, D) MR K () ED, JFHK () N D, # 0, FREE 2, x, €
K () Mz, €D, WRdz)=dx)lidx,) #d), Hitdx,) #d), Bk lo,, (o) =
[ {dy) |y € K (@) [>1

EX 14 wS=W. {a; | k=1,2,,1,7=1,2, . m} U{dD) B—DTRAEBELTHAZEHZ
REFHRERGE. S TFEIREARENS . A ={a}.abs =y al,} W U/R,={D,, D,, . D,}. % 3D, €
U/R, i3 UNC(A", D,) C UNCA"', D) JfH VD, € U/R,, YI <k Wi & UNC(A"*, D) =
UNC(A', D), IBABRHR £ R 3 F AN & 1k 0 e R

i E B 7 AT LAAS BB 5 RO A9 38 CHLALO UNC (A*, D) BRI, @i S 14 1, 24k et RE
W, 7#7E D, € U/R, i1 UNC(A", D,) W KR mmisg k. ik, ﬂﬂinﬁf“zEﬁ%UN( (A*, D) B
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N i RUBE Hh R RUBE . DA A 1 /) B Sy e OO 1) R B DR U3 7 B DI R AT T SR A 009

FERCEE ARt FE rh, SCHR(29 ] BB AB E PE N F5 2028 0 ROBEVE S e U RUBE. SR, S 385 m iy RUEE &
TUA I, AN E PEAR 25 5 AR R AN AR 0, et 3o 6 10 e 0 R BE 8 AR B s M R S /. 14 3 i R
JERE PRI EURAN T LBk EE . A5 B0 S R B E PE B R R/, 3T —MRGE XA S 2 RE kR
RARGE, B REZ PP TRINEE 1 R,

Bkl EBEXTHAZHEZ RERRE R R

A BIEEAAERGIELTIAEGEZRERKERGE S =WU, AUdH =W, {a] [ k=1, 2, =,
I.j=1.2,.m} U {d});

it AR k.

D irEREEEN S U/R, ={(D,, D, =+, D,};

2) for each i € {1, 2, ==+, p}

3) M ACP(A'. D), REJ(A', D,), UNC(A', D)3

4) end for

5 k=1;

6) while 2 <] —1

7) end _condition =0;

8) foreach: € {1, 2, -+, p}

9) initialize M =@ ;

10) for each x € ACP(A", D,) U REJ (A", D,)
1D if K ,w(x)E D, and K ;i (x) (1 D; # O then
12) M~ MU {x};

13) end for

14)  if M # O then

15) UNC(A*"™, D;,) =UNC(A", D)) U M;
16) end_condition = 1;

17) break;

18) else

19 UNC(A"", D,) =UNC(A*, D);

20)  end for

21) if end condition =1 then

22) break ;

23) k=k+1;

24) end while

25) return k.

FE A T R SR U/R, . BHRAIEZE R O, 2 —4 1655 1 RE R I8 fr
A RRER =R, WREREROG [ p ) Kb RUOHE W KRB R A, A R A TR T
A 28 OGum D)y BRI S 24 R OnPml | p ). HFREF =X REUNC) HHETA
WEER B AL . A 3 2RI E , R MR PRI SRR AR R 35, i DUTE S IR 155 0 T I ) 52 2 8 2R
OWn’I’'m | p . FrARMNRIEZLRE R ORI m | p ).

B3 RK3IR-ADTERBIAAEFOIACHELZRERRRGE S =WU. A={a) | k=1,2, .5, j=
1, 2,3 Uldh, HhU={x,, 2o, = 20}, RTUKBEER RN 5> U/R, ={D,, D,}, D, ={x,,
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X o .1'3915917}9 D2:{~T49 Ls9 Xgs Lgo Ilo}.

K3 IEBERNAIZTESRERKRRS

U a af a; 6111 a; aé a§ aj azl ao ai asy as aé asy d
z, 1 1 A H Y 2 1 A H Y 2 1 A H Y 1
z, 2 1 A H Y 3 1l B H Y 3 I A H Y 1
zy 3 1 A H Y 2 1 A H Y ) 0 0 M N 1
z, 4 Il B S Y * * * * * 4 1l B M N 0
x5 6 \% D M N 4 Ili C M Y 5 Ilf B M N 0
T 4 Il| B S Y 5 v C M Y 4 1l B M N 1
z; 5 J\! ¢ M N 4 Il C M Y 5 Il B M N 1
Ty 6 \% D M N 0 \ D L N 7 v C M N 0
z, 7 VI E L N 6 \ D L N * * * L N 0
1 8 VI E L N 7 V D L N 8 V D L N 0

MRAEFEL 1, N ST kPt RE MR F .

DEFEIRETF, XTFA ={ai,absal) HK () ={x,}, K, (x,) ={a,}, K, (@) ={x,},
K () ={x,s x5}y K1 (xs) ={z;}s K (xy) ={z,s x5}y K, (x:) ={x;}s K, (xg) ={x;},
K, () ={xe}s K () ={z,}. B8, UNCA', D)=R (D)—R (D) ={x,s x5} UNCA',
D, ={x,» x5);

D FEHF2RET, XT A ={al,at, al}) AK . (x)={z,}, K. (x)={z,}, K. () ={z,},
K .(x)={z;}, K.z ={z,}, K (@) ={ay}, K, (@) ={xs, x}s K. (x)={zy: x}. H
EFL 8 15| UNC(A*, D) =UNCA', D)) U @ ={x,, 24}, UNC(A®, D,) ={x,, x4};

DIEHIRET, KT A ={al, ass ai}, AMATFGUNCA®, D) =UNC(A’, D)) ={x,, x4}

D TEFARET, T A ={al,at,at), HUNCA', D) =UNC(A", D)) ={x,s x5, x5+ 2;}.

KA UNC(A®, D) =UNC(A*, D,) =UNC(A', D) (i =1, 2) iif UNC(A*, D,) C UNC(A",
D)HG =1, 2). RFEHESE 3 REMERN S M RE.

4 XWERERH
R T BUETEIR A1 ST WA 58 % 2 R D3R R 48 i 85080 SR RS 7R 4™ e DR e O IR 3o 8 48 30 178 ]
TTHESAERE, AN UCTEE FErh ik il 5 B R AT BUE B, 4059 R Seeds, Glass Identification,
Wholesale Customers, Balance Scale, Car Evaluation, $IE&E£ 1 FE4NE B W 4 s,
x4 EFERBBEEREER

LETES XF 4 FAF IR e 1
Seeds 210 7 1
Glass Identification 214 9 1
Wholesale Customers (Region) 440 6 1
Balance Scale 625 4 1
Car Evaluation 1728 6 1

Ohy i S BEOR AT AR M SCHKL 29 ] B9 D7 oM R 4 P BolE SR TS O 2 RE IR R L. K 5 51
T WAL B A B SEAE E. TEZ RIS RGP RENLE K — 2 0 20 LR A PFm AR (E . TS 21 A [H]
BRI 58 1 22 RO RS AR GE. A T V(B A R I A BT A TR P B4 (LSl /N T, 85 32 R R0 s P A B D ke
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i DU A R A e R L AR A BN A TR ST AR 2 R B SR R 4.
®5 FABENHEEESR

RS XF 4 FAF R o5 1 R
Seeds 210 7 1 6
Glass Identification 214 9 1 6
Wholesale Customers (Region) 440 6 1 6
Balance Scale 625 4 1 5
Car Evaluation 1728 6 1 5

YA 2. 2 F1 2.3 /N A B BHE JECRM RIS R T R B A RO B SCRRL34 ] 8 SRS ORI 43 BEC R A 43
FNERE p ME P AR TE. BARA e R .
| [ N R |
7; | [z UR) |
KR — U |
Hrp, HERHERRE S, =W, A, ERU FWEN LR, o] RRa WEMI S, TEIA—E
ARG AR ERIE R RS S, =W, A), R JU FJ" XA ERGFERER), R(x) R
x B SORAT Ay B R4 GRREAR) . YA RKEERRES, FIMWEEU /R BB Z/ERRES, S
R U/E, S, WK ERS: S, SFINMER TSRS, Mo, WEERKE 1.
F 6~3% 10 002 5 DEURSEAE 35 08 R TN 4 Rl Be i B RUBE 4 NG . 18 2~ &1 6 Oy 5 A Edin 4R
FE 0~50 % M ERG BT 4 BB B i 22 RUBE 43 2K B 22 RUBE 43 280K5 13 B O o A B RUBE 43 KOs B8 1) - 2 1.
Hop, CR FRIEFIER R AHETIAAR TR ZRIERK RS CRadd FRETIAKRIESC R 1Y ZLm X R 5 i
T AN s CR-extend] $87E CR-add (5 Al E 41 X5 47 E 56 2 AN Tl 2 A )7 OC 38 19 50 — OB AL 9™ i, RVl ot
FHRUEE T 60 T 1 L 7 AS R 55 0000 4 RUJE T A7 A6 R 00 L %) T A X 2 02 RN A 25 195 CR-extend2 W J2& 7
CR-extend] At X SR Y A J01E PR O B AR AT H A 5 S5O T A2 D )7 06 R I AT 10 55 RS e
FT6 Seeds WERENKBE

REE b CR CR-add CR-extend1 CR-extend2
1 0.177 0.177 0. 966 0. 966
2 0.179 0. 828 0.972 0.972
3 0.170 0.932 0.978 0. 978
4 0. 149 0. 956 0. 963 0. 963
5 0.177 0.973 0.973 0.973
6 0. 394 0. 989 0. 989 0. 989

& 7 Glass Identification HE RES LB E

RE k CR CR-add CR-extend] CR-extend?2
1 0. 276 0.276 0.963 0.968
2 0. 253 0. 85 0. 963 0. 963
3 0.173 0. 895 0. 957 0. 957
1 0.169 0.947 0.958 0.958
5 0.193 0. 97 0.976 0.976

6 0. 404 0.976 0.976 0.976
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<8 RegionMWERESERE

RE k CR CR-add CR-extend1 CR-extend2
1 0. 069 0. 069 0. 907 0.907
2 0.077 0. 455 0. 907 0. 907
3 0. 081 0.795 0. 907 0.907
4 0.178 0.935 0.959 0.959
5 0. 355 0.971 0.98 0.98
6 0. 66 0.988 0. 988 0.988

& 9 Balance Scale B RE S LBFE

REE k CR CR-add CR-extendl CR-extend2
1 0.013 0.013 0. 608 0. 608
2 0.013 0.177 0. 608 0. 608
3 0.073 0.691 0.934 0. 934
4 0.074 0. 863 0.934 0.934
5 0.199 0.968 0. 968 0. 968

#& 10 Car Evaluation WE RESERBE

REE b CR CR-add CR-extendl CR-extend?2
1 0. 008 0.008 0.598 0.598
2 0.008 0. 145 0.598 0.598
3 0. 049 0.632 0.921 0.921
4 0. 048 0. 854 0.921 0.921
5 0.131 0. 959 0.959 0.959
FLAHL, %) Seeds Er¥E4E, L2458 3 6 f1  —8— CR —+— CR-add —8— CR-extend] —#&— CR-extend2

2 B, % 6 e 1 RE FRURA AR, Eie
CR-add M43 2KE %5 T CR M0 2k 8, R RETF 0.8
B4 Z5K5 % CR-add KT CR; 7% 6 RJFT, CR-ex-
tendl 5 CR-add By 43 EHE BEAH A, AR RET CR-
extendl K T % F CR-add #J5 FH5 & ; CR-extend?
5 CR-extendl 432K R A, X F Glass 1- 0.2
dentification t#E4E, CR-extend2 #H %} T CR-extendl 0
MR EEAE R B 1 F 3 0,005, BRI F 24 A

K. EXTE 2 iy 2 REE MR, 78 0~50% /) ik

e HF, CR-add, CR-extendl #i%f T iif — ¥y Bt #4515 2
T2k P T, CR-extend2 Fl CR-extendl F5F-, BV PRIk UK 0@ PEE O AR AT HuAss . R AR 45w 7
KR RPERL Y JRXT A G R AR, £ 7T~3£ 10 LUK 3~E 6 40 FJEH Al 4 A5 42 00 0 280 25 18
A4 & Seeds Bl S M oA it PR AT B0 HORD AN B U 4™ 2 )5 (CR-extend2) {9 43 JKG B AH X T B #%2
SIAFHIE R (CR) WY 43 2505 FE W &, A AT 5 22 R0 TR AR Bk 21 8 5y 0 ff e P 30 0iE 1 AT ik

0.6

0.4

ZRESREE

5 10 15 20 25 30 35 40 45 50
BRKE /%
B2 Seeds IZEREDEKBE
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== CR = CR-add —#— CR-extendl —#&— CR-extend2 = CR = CR-add —®— CR-extendl —&— CR-extend2

1.0 1.0

0.8 08 F
il il
i i
® 06 w 06}
R R
® o4} B4l
i% &
™ ®

02F 02F

0 L L L L L L L L L J 0 1 1 1 1 1 L L L L J
§ 10 15 20 25 30 35 40 45 50 5 10 15 20 25 30 35 40 45 50
BRIZE /% BRERE /%
B 3 Glass Identification B % R E 5 £ E Bl 4 Region IERESEEE

= CR = CR-add —®— CR-extendl —#&— CR-extend2 = CR =—— CR-add —®— CR-extendl —#&— CR-extend2

1.0 1.0
ol 08 F B 08 F
w 0.6 w06
R R
g4 b Eﬁ‘ 04}
®
®» ®

02F 02F

0 0
BRERE /% RESEE /%
5 Balance Scale WE REDERBE B 6 Car Evaluation WERESERBE

1125 NEURETE SV MER RN, K8 AN B Y R 5 R 1 0 R S g . Horp
OLS B8 ¥ 1 4520 i3 T A0 2 VB e R, HC OLS R SCHR[29 ] b SCAY e I RBE . Hobr v 2 i 25
ROEAZARN AW e PEAAS 9 ROBE RIS e P RUBE. NSRS 45 2R AT LU Y BE A ROBE U808/ (b . A
TEWHFEREANZEWANREN. %FF Seeds, Balance Scale Al Car Evaluation #3544, HC' OLS fIAH#iE
PEAR /NI, A AR FE 4R 04 5 vk AT A5 B 4 0 1k e/ i Je O RUBE

x11l ETFFE=SIRENBHIRE
UNC & U L/ %

EE S NN OLS HCOLS
RED RNE2 RE3 RE4 RES RES
Seeds 210X (7X6+1) 0 0 0 5.71 5.71 70 3 5
Glass Identification 214X (9X6+1) 0.93 0.93 9.34 20.56 51. 86 77.10 2 2
Region 440X (6 X6+1) 40. 90 40. 90 40.90 64.09 78.63 93. 40 3 3
Balance Scale 625X (4 X5+1) 0. 64 0.64  48.64 48.64  88.48 \ 2 4
Car Evaluation 1 728X (6 X5+1) 0. 34 0. 34 29.62 29.62  41.66 \ 2 4
5 %Kik
AT AT LB H RS P AR & 2 REG B R E XAAERR, WiteE LIRE1HE X THAEE
ZREAGE B ARG, BRI AEEAE AT DURAR B A5 SRS Gat i RN Bk 5 B AR S PR IF X 27 2 RE Rt

BRI R PR T AR aR G I ACKRRIE SC R LA BRI S T Oy — i A S i 2 R (R R RS, R F RN
i 77 5 2 0HE B 18 SCR B AN 58 7 22 RUBEAR B R Gu AT ol UK AREAIE OC 28 (B B L [ I 45 Hh 7 AN TR] I
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JETEERERNERR A ERR, €L THESGH L, TECEMS, e T e T EiRT
W»TEQ%XTme%gﬁf&ﬁ§%¢L4$Agi%%ﬁﬂ,%?WﬁﬂﬁhT@EﬁW¢MR
JEVE R e LR AR 5T i O e R 5 B A BT A WA AR 18458 A8 W 7 M /DN A ROBEAE D e (IS R
JE S HOW L2 5 PR . JF HLIE T M — B0 — B0m9 R 56 48 2 RUBE D3R 2R G2 A A B2 0 il e e (I RUBE.
i I S W] R AN ALY R S . AN SE A 2 RO DROR R GE M 70 ARG AR B4R T, OF B B0 SR i
NOE R T A RBE v AN M i /Y
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