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WE: & H, BHEBEChm ME R /RIASE2E . S(H, @ H,) E1EREE AR RIAFEEE H, @ H, LA T35
M4k, Se (H, @ H,) A 40 78 8ukn S(H, @ H) ¥4, 6. S(H, @ H,) — S(H,, @ H) &
P {EIE A #(S.,(H, @ H,)) = S, (H, @ H,), B4 ¢ {#+FF von Neumann i SCp + (1—1)e) = SUp(p) + (1 —
D¢, Yre [0, 1], Vp.o€ Sop(H, @ H) B H, , H, I PHFAEEE PR EE T, V., #5
$(p) = U, QV)p U, QV,)" , ¥p€E S.,(H, @ H,).
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FESES: 0177.1 XERFRERRG: A XEHS: 1000 -5471(2019)06 — 0031 — 06

ETPSWUESEREMK, BEMNEERA/RMAESNE FEEEE 1 EE & 78 p Rai S H Y
p’=p. B p BEIEE. Fp #£p. Wp RIRAEDS. ERATMARSEN H LA R TFSICH S(H, BN
MAE, FIrA 428N Pur(HD . B4R Pur(H) 2 S(HD (74, fER P EEMST., H= H, @ H, UL RS,

o H, A H, 3 FR4EE AR A2 . X T p € S(H @ H) s W p TG p = >, pip; Qe Hh
i=1

p. € S(H). 6, € S(Hy) . D p =1, p; =0, MK HUE T p 114y, FWEFE p fELSHN. TH
i=1

SRS S, (H, @ H,) # Pury, (H, @ H,) #RWUARS H, @ H, LA /5 T8R0T
aiZs. MCH,) FRFia n Bk, WF A€ MCH,), A" FRMEM A f3L58 5 &

SCHL LD % T35 BBk A A PR R R T — MR, AR, Scmk[2] d4k 3 T 4445 KY FAN {5k
FISCHATTEN 38 55 R A5 1 4 B 7K 5% AR 22 18] (0 2 MR A B i 5 M B 5K, SR T3 T AR5 17 AR ) 150 5 S ) 51,
PR SCHRCAT 40 SCRRE3 T B 28 J i 31 0 BR 2 7 R A7 85 23 . i3k 6 0 SR BT 9 9 B 7 Kk L il ) ke S5 40 S
LAMERg. SCHRL5-6] ST 56 T T (D ik 1R S48 . Tsallis B ARG Ly IELAEme s, Scikl7]
Z0m T —AE e U T R 5 H, @ H, U BTG 143 25 L4530 0 44 0 WUt B 28 0. BRZE 9 Ak
i 8 von Neuamnn 4 i ¥ BB 5 — 5 von Neumann ff it 7518 9451, 4 F p € SCHD, WA, &
p HYHRAEAE . von Neumann 5 S(p) BIE XWTF™ . S(p) = — D) A, log(A)+ A, = 0. HLiE Olog 0 = 0. X%k
) 56 BOE B 2. — A T R IR0 52 A IE R WS @ M(H,) —— M(H,) 34 BAUY A # ikt o(X) =
DTAXA, KA B Xa K. DATA, =id,. BTEEAROS. AR TR A
(B 55 T L SCHRC9 137, F T A2 A SOy B4 R
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EE1 W H, H, il 2450 m o R &Rk R0, 6. S(H, @ H) ——S(H,, @ H,) &&T
fifi, H ¢(S.,(H, ® H)) = S, (H, @ H). Iaxt Yt e [0, 1]1H1 ¥Yp.6e € S.,(H, ®H,), Stp +
(1—06) = SWp(p) + (1 —p(e)) M HALYTE H,,» H, £ 5% 547 16 754 B s 3L 96 75 46 (40, . V., . (45
$(p) =W, QV.)p WU, QV,)" . Vp € S, (H, @ H,).

XtF P € Pur(H,) f1Q € Pur(H,), /33

L, ={P®Q € S(H, ®H,): YO, € Pur(H,)}
R, ={P,®Q € S(H, ®H,: VP, € Pur(H,)}

511 & H, . H, 7 R4E8CH m . n W A RAARE SR, 6. S(H, ® H) ——S(H,, @ H,) &
fFii, H ¢(S.,(H, ® H)) = S, (H, ® H). thHEk* Vp.e € S.,(H, @ H) 1 Yt € [0. 1], A
Stp +(1—1)e) = S (p) + (1 —1)p(6)) s AT HELEIEZ— T

(i) Xt VP € Pur(H,), BPAF{E—AP € Pur(H,), 1§ ¢(Ly) < Lp;

(i) %} VP € Pur(H,), EVFE—AQ € Pur(H,), fliff $(L,) < Ry.

iE HscEk (5] F ¢(Pur, (H,, @ H,)) = Pur,(H, @ H). TEXNTEEIT24EPRQ c
Pur,,(H, @ H,) ., #E VAL —D 3 485P @ Q € Pur,,(H, @ H) . i (PR QO =P® 0.

B E P e Pur(H,), Xt V¥ Q,.0, € Pur(H,)(Q, % Q). i3CHk[5] A1, FELELIAP, € Pur(H,),
0 € Pur(H)G=1,2), fiff ¢(PR Q) =P, Q0 fl (PR Q) =P, X Q..

Hohm il SR EHER S L 0ia, B¢ 2, A

$(tp+ (1 —1e) = 1$(p) + (1 — ) $(o) Vp.e € SCH,),t € [0, 1]
MR PR QO #PR Q.. AP, QQ # P, @ Q.. 1M H
P, Q0 =¢PR U, +1—-0D0)) =¢(PRG+A—-DPRQY)=tP, QO +1—-0DP,RDQ,
AR SCHRL7] TSI HE 2 Q) 5Q, LIEM K, 8EP, 5P, LPEMt.

0, 50, LML, HoAP, 50, HEAZE, MHP, Q0 # P, ®0,. FiLlQ, = Q,, HP,.P, &1tk
¥ 80 =0 =0, MPRQ) =P, @OH$P R Q) =P, ®Q. M, ¥ VQ € Pur(H,). &
$(PR Q) = PR Q0. KNP =N 5HP, P, K — A&, HMKS M BP, = P.. RUjikP 5P, &M%
K. WREBICHL7] 5138 2 F1E X

P, @0, =¢PRQ +1-0DQ) =P RO +1-DPRY =:P,QO+1-DPRQ
BEQ =0 TEMTH -MEN P & Pur(H,), ff7EQ € Pur(H,), 1% 6(P @ Q) € Rp. XA
$(Lp) &Rg.

P 5P, LM, RE AR X TR —E 2 P € Pur(H,) . f74EP € Pur(H,), ffiff ¢(L,) < Ls.

BAEA 4518 X FBEM P, € Pur(H,), f#4EP, € Pur(H,), ffif3 $(L, ) & Ly $:85 FIX A Z5810E
. %t VP € Pur(H,), f£EP € Pur(H,), {{if} $(L,) < Ls.

ic:

A= {P¢€ Pur(H,): $(Ly) € Ly, P € Pur(H,)}

B={Pc€ Pur(H,): $(Ly) € Rg, Q € Pur(H,)}
W AUB = Pur(H,). % B+# 0, Jiaxt VO € Pur(H,), #§ff# P, € B M@ € Pur(H,), #i{§
$(P, QQ) = Py @ Q. XK $(Ly ) < Lo LI

P, @0, =P, +(1—0DP)RQQ = $(P, QQ+ 1 —0DP, @ Q) =

B(P, QO+ (1 —D$P, QQ) =Py @0+ 1 —0 P, Q0

HF Py MQ,, KT ENE, AP, = Py FIQ = Qp . T2
(P, ®Q> :ﬁo ®Q: 95(Po ®Q>

X5 ¢ RPEFIE. B B= 0., B4 VP € Pur(H,), f£7EP € Pur(H,) . {#i#% ¢(L,) < Lp. [RIHEAE .
M P € Pur(H,) W, f4£Q, € Pur(H,) . i3 ¢(L, ) & Rg- i, Xt VP € Pur(H,). f#1Q €
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Pur(H,), ffif¢(L,) &Rg I Or.

5132 WRm 4. S, (H, @ H,) ——> S, (H, @ H,) il 20 & 5518 11—+, 84T Mg
WZ— T

(i) Xt VQ € Pur(H,), BPAFHE—4Q € Pur(H,), i1 $(Ry) & Rg;

(i) X VQ € Pur(H,), BEVHFE—AP € Pur(H,), ffiff $(Ry) < L.

5133 fRm 4. S, (H, @ H,) —> S, (H, @ H,) Frifi 20 &4 5518 18—+, 84T mas
WZ— WO

(D BIH 1) F5IFE 2G) LT 5

G 53 1GD A5 20D #RALL.

E RS 1D AMBIEE 2GD R, WXk VP € Pur(H,) #1Q € Pur(H,), /3£ 7EP,P €
Pur(H,), #i13 ¢(L,) & LMl $(Ry) & L [RIBF S, F &

P, 00, =p((P+U—DP)QQ =¢P QO+ U —-DPRQ =

BPRY+U—DIPRY =tPRE+U—0DPRQ
VK QREEEMW, WA P+ —0P=P. F&E3 PRE4A, MHAP.PERRLA, L
tP+0—0P#P
FIE. BTG HE 1G) MBI 2GD) ANREFR AT AL, [FF, 51H 1GD A B 2Dt R BE ] a7,
EE1AIEMR RSB 3 . BIXF VP € Pur(H,). Q € Pur(H,). H ¢$(L,) < Lp.
$(Ry) CRy. WtEXF VP € Pur(H,), fFHEAZE o (P) .0, (P, Q) (r, 5P AR, %R PR Q) =
o (P) X (P, X YO € Pur(H,) M.
JTUEM o, (P, @) 5 Pk, MAEMS Pur(H,) HEHMANAREE PP,y T
(P, RO =1, (P) R (Pry Q) (P, QQ) =7, (Py) @ (Pyy @)
)
PRQO=9¢((P, +(1—0DP,) @Q) =¢(tP, QO+ (1—0DP, QQ) =
B(P, QQ) + (1—0D¢P, QQ) =
(P QP Q)+ U—0((P) @ (Pyy Q)
X EA (P, Q)5 (P Q) MK, BA o (P) 5 o (Py) PR,
WHE o, (P, @) 5, (Pyy Q) LYEFE, W (P, Q) = (Pyy @), X7, 5 PIK; WHE (P 5
o (Py) et SE, WA
$(P, + (1 —DP,) @) =, (P) X (i, (P, @)+ (1 —Dr, (P, Q)
XEHIN & $(Ry) & Rgs £1
$((P,+(1—0DP) QO = (tr; (P, @)+ (1 —Dz, (P Q) R (@)
TR (P, +A-0DP) Q) =), XHHN P, @)\ (Pyy Q)7 (Q) JE4liZ, Frlh
(P, Q) = (P, @) = 1,(Q)
XFEFEIEW T4 FAE R 4A P Qs FAEW NS ¢ : Pur(H,) —> Pur(H,), ©: Pur(H,) —
Pur(H,) (AR ¢ ZXE, #15
PR =17(P) X Q) (D
MG 3G L, WA EX TR TGS P® Q. FAEM AW o2 Pur(H,) —> Pur(H,) ., 7
Pur(H,)) — Pur(H,) {§ifg
PR =1 @, (P) (2)
PEW T & von Neumann fi (B ¢ RARFFIESCH, BIX Vp.e € S (H, @ H,)» # pe = 0, N
$(p)pe) = 0. FHEL L, fFEEL Stp+ (1 —0e) = SUp(p) + (1 —0Dd(e)) 4 1=1, TEX Vp € S,
(H, @ H,). A S(p) = S($(p)). mH3CH[8]
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tS(p) + (1 —0)S(e) — A log &y —A:log A, =Slp + (1 —ve) =
Sp(p) + (1 —¢(e)) =
S($(p)) + (1 —1)S($(6)) — A log A, — Azlog A,
W ¢(p)d(e) = 0, ¢ FARIEAZH.
K dim(H, @ H,) < oo, T H, FREE—DETEp TS Hp = DJAP, H >a =1,
i=1 i=1

A =0, P &€ Pur(H)(G=1, . fE Pur(H,) FELQ, =%,
(P,@Q)(P,-@Q):O i#j
S(P, @ Q) = SH(P;, Q)
DL R A (D i SCk8] A

SBPp@ Q) =S(pRQ = S(2A4P D)= A5, @ Q — Djaloga =
i=1 i=1 i=1

iAiS(si(Pi @O — ikilog A = S(imﬁ(P, Q@)= S(ﬁ],xm,(P,J @ (@)
Tt SCERL9 ] %Eﬁ%ﬁ%ﬁﬁ%ﬁ%gﬁ%m filif3 - -
d(p R D =W(i/1m,(P,-) ®‘[2<Q)>W
AR—fetk, 4W=1,, H¥ I, 2H,®H, Ilﬂﬁﬁ{ﬁ%ﬁfﬁ, i
$(p XD Q) = ﬁ;xifl,(P,-> @ (@

E X 119(p) = DA (P BIK r(p) M SCH,) 3] SCH,) s, ]
i=1
$(p R Q) = 10(p) @ . (Q) (3)
ARG B 3 p = (L, SRR . W cg(p) = = B L iSRS 8T, JHERE SG(p @ 6)) =
S(pRe) H (@ BEE, 15
Im . m m h . h .
S(4(or ©2))= 515 @)= 5(,1)= S(re () # @)= S(rw(,; ) ) = Lok
e (3 B, B 7o S(H,) —— SCH,,) i 2 %X
St + - t>ng(1’”>): s(tp+<1—z>7%) )
5%,
L.\ _ _pL _ _ L _
S(thr(l—t)E)—S((tva(l ) m)®Q>_S(tp®Q+<1 0 ®Q>—

(z¢<p®Q>+<1—z>¢( ®Q>> <m_,<p>®n<Q>+<1—z>nQ< )®D<Q>>

((ff1Q<p>+<1*t>nQ(”’))®Q<Q>) (trlg(P)—ﬁ—(lft)h)

P A (D) FISCERES T 1. 78 SCH,) B A7 FAR B sl SEH PG J [ Uy 15 710 (p) = Ugp (Up) ™. XIFEER
(3) wh T LS AL
$(p R Q) = Wep Wy ) @ . (@ (5)
HEXOG FMU, 50 k. FE L, £ Pur(H,) PRI AR EFES Q.Q, . HifiXIFpe S(H,). A
i, (p) = UppWy )~ (i = 1,2). X FAEREM P € Pur(H,), (1,3, (5) £
0 (P) @ () = PR Q) = 1 (P) @D 7.(Q) = Uy PWy )" @ 1.(Q)
70 (P) @ () = $(P R Q) = 119, (P) @ .(Q,) = Uy PWy)" @ 7,(Q)
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MERX VP € Pur(H,) s H ¢(Lp) & L, THE o, (P) =Uy P(WUy )" =Uy P(Uy)) ™. T/ CHkL10] 5]
HALMUy, =U,y. #54U, =Uy =U,y . WX Vp € S(H,) M Q € Pur(H,), A

$(pRQ = W,p U, )X, (Q) (6)
FHX Ve € SCH,) f1P € Pur(H,), A
$PRe) =1 (P)XD V,p (V,)") (7

HEXE P (@ EFVOWVH, Hp v, BH, FWWEHEMFER LS EME. FL L, X Vp €
S(H,). Q,.Q, € Pur(H).t€ [0, 1], A
S(p) + S, + (1 —0Q,) =SSP WQ, + (1 —1Q,)) =
Sip RO+ U —0pR Q) =Sp(pR Q)+ (1 —Dp(pRQ,)) =
SGU,p U, @ Q)+ 0 —0W,p WU, ) R (Q)) =
SW,p W,)" @ (z, Q)+ (1—07,(Q.))) =
SW,p (U, )+ SU, (@) + (1 —05,(Q)) =
S(p) + Sz, (@) + (1 — )7, (@)

SUQ, + (1 — Q) = S(tr,(Q) + (1 — D, (0))
HEE BN o WS, FrRLR SCERES ] A . (@) = V,Q (V) . TR (6) A] LI i
$(pRQQ = W,p WU, )R V,QV,)")
FH, (D TS R,
$(PQe) = WUPWU )R VgV, )

l
BJG. % ¥Vp€ S(H).6€ S(H). o= D QU= 1.m). A
ji=1
l [ [
SBp@6) =S (pRe)=S(p® 2 mQ )= 2 uSp@ Q) — Dulog py =
j=1 j=1 j=1
l l !
DuSBp @0 — Dimlog = S( 2 ub(p@ Q)=
j=1 j=1 j=1

l
S(2mWap WD H @ (V,0,(V,) )= S(W,p WU,) ") D (V,6(V,) )
i=1

SKINAE H, o H, F 4 94745 A0 M o A0 P A W, W, L 7
$pRe) =W, QW) (WU,p WU,)" )R V,e(V,)" DWW, QW,)" =
(W,U,) @ WV))D(pRe) (WU, XD WV,))"
AU, =W, U,.V, =WV, IBaxf VYp€ S(H,). 6 € SCH,), f
$pRe)= U, QV)(pRe) U, RQV,)"
HER () WMor, WA $(pRe) =V, QU,) (6@ p(V, QU,)".
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Characterization of Quantum Channels Preserving von
Neumann Entropy in Bipartite Systems

LAO Yi-hui'?, PAN Yi-qian®

1. School of Mathematical Sciences, Tongji University , Shanghai 200092 , China ;

2. Department of Mathematics and Computer Science , Guangxi Normal College for Nationalities, Chongzuo Guangxi 5632200, China

Abstract: Let H,, be the complex Hilbert space with dim H=m, S(H,Q H,) be all the quantum states
acting on complex bipartite Hilbert space H,, & H, and S.., (H, & H,) be the convex set of comparable
quantum states, ¢: S(H,®QH,)—>S(H,QH,) be quantum channels and ¢(S,.,(H,&H,))=S,,(H,&
H,). Then ¢ satisfies von Neumann entropy S(zp+(1—¢) =S($(p) +(1—1)d(e)) (V&€ [0, 1], Vp.6ES,,
(H,®H,)) if and only if there exist unitary operators U, ,V, acting on H,, , H, respectively such that
$(p)=WU,RV,)p (U,RQV,)" ", ¥YpES,,(H,QH,).

Key words: quantum channels; von Neumann entropy; quantum states

REHE B W



