% 46 & % 5 M B od PR K FF R (BRAT R 2021 # 5 A
Vol. 46 No. 5 Journal of Southwest China Normal University (Natural Science Edition) May 2021

DOI:10. 13718/j. cnki. xsxb. 2021. 05. 001

— RN BMBSFRALREESEA
BAE . TR, £ B, B %

Hh N R AR A5 B 25 AR R AR . BT 211101

FEE . P BN 5 7 B S5 AH R Y Volterra B 7 BRGNP LI K SCRRAr iR EE B, 4 T — 25 00 BB Lh 4
FE BB R UE BT IF AT T HEST. R g e BT IE T — 2840 BB B A O AR A B AR e

X 8 W\ SRR R WBUER; Volterra BUp R FRETE s - BN st—IR 5 Oy 7R

FESES: 0175.1 XHktRERL: A XEHS: 1000 -5471(2021)05 - 0001 — 07

SRR ARG BV S L B R BGOSR B T R T Y B S ECh 2 R AR
(¥ 5E S, Horr, Caputo € X5 Riemann-Liouville & SCR N A Z B miAR- . 5 B BB 5 oy s
PERA FE 23 B0 5 B0 A R S 0 0 3 0 R ) R AL 16 . KPR TR AR B . R W RS T 3k
LA I 6 [ 5T ) A T 22 o (R T RO T ST . I 5% T By O BRI 5. T RO B TR
FEJRI AL G B KGR AR BN OO FR G0 0 S BT RS R T IR — B PR O e A BN A R BT
(1) it B I R — b R RO 5 TR B A B oy R e o) — RO R AN A5 3 07 12 o 45 7 AR Y
fift 55 7% Ty SR A (R AR 5 T R ) i AT HE S, DT 7 4 2 O R A9 AR 9 2. A SCIRC15-20 ] v SR -5 B M0 1t
o377 REARLA A 2 US98 T 0 B9 o0 O i B — LE SRR B

X TR B SR O T R 2R Y U BOE B T AR AR A B Th B BRI T LA e T AR
JrlE Gy, LI T R i R SR NMIRAE. FESCERL22 ] . Sl T — 28 B o O R e BE B R
JEUE BACPETT o B IEIAE AR BRI, A SO I SCRRE23 ] B9 4538 LA K > BB i 7 # 5 Volterra U3 J7
REAAEMPE . 35 P T B S T 4 e S LA A KRR L JREAT T kA R A S
PIAS B 00 LA E B B T — SRARER Y 20 KO o 7 R RO AR E M. B 4 R T PSS B BB R DL 4
R IS LR W) 5 BT

1 EK5|E

EVE— e Zar. A 5] .
I 119 &0 <<a<<1, pREL x(0) BB 5 72

Dé 2 (t) = f(t, 2())y 2(8) |, = 20 (D
I 1) 7000 W BE 55 2 (1) AR Volterra FR 43 J7 B8 19 i
(1) =z, *%@J (t— o fzs 2(o)dr 2)

HADg, 2 (1) For Caputo B L F x() 1 o B B S %4
BI3E 21 0 <a<<1. BB x() BEG 3  r i

O Wk HB. 2019-05-07
HEUH. ERAARBESTH (12072370).
EHRA . BEX%E, A, mit, FENIBG AL s fr g s,



2 79 i T e K FF IR RHAF R http://xbbjb. swu. edu. cn % 46 K

MDs a(t) = f, () RpDedr (1) |- = by (3)
B ) 78 43 Wb B AL F R () RANE Volterra B35 12 1 i
) _ ta*l i 1 t - et i
x (1) 71_,(0()10 Jril"(a) JO (t—o ' f(ry, x(0))de 4)

HAFDs 2 (1) F£7~ Riemann-Liouville B X T x(0) ) o 508 S 4L
SIE3Y ®Ho<a<<1,

D 4 (1) —RDe @ .
Ds, .2 (1) Dj. .z (1) o —a 5

54 WO0<a<l, o) HXEL0, +o0) FRYAITHREL, #HAFTE 10 > 0 ffifg ¢(r) = 0, HXF 2 €

[Oa [()) ﬁ §0(l) 209 Iﬂﬂﬁ
D o(l,) < 0 (6)
1 dJ' (t— 0 g()dr, & X H() = J (t— o) g () de, MAHLE h €

0

N RL Tya _ a4
E WD e = 55,

(0,5 )

ty—h to
H(y) — H(y, —h) = J ((ty —o) “— Uy —7—h) “)go(z')df+j

fh—

RS, X € (0.1, —h) C 0, t) H o) =0 HBR G, — ) — (o —r—h) * <0, #A I, <0. W
[}

(ty — 1) “go(r)dr =1, +1
h

H) —Ha = < | (=0 p(de = L

ty—h

i SCHR[23 ] B g e ml Al
J’o (ty =) “p(o)de = (14, =8 “p(Oh = 5 ‘o(t, —pPh

ty—h
Hrpee (to—h, 1), n =1 —& F 15 (1) A, A

, 1 o(te) — @ty —h) 1 — oty —h)
¢ (20) /lir;l ; lim —

oo (1) =0, Moty —h) =oCh) (h—0") Hlimy “p(t, —n = 0. # ¢ (t) <0, W ¢ty —h) ~—¢ (t)h
h—>0"

0

A

h—>0"

(h—>0") Elirrirf"gp(l‘o — 77) =0, N5

h—>0

JO ;(to — ) “p(o)de

%H(t) :hrri H<[O>_£I(lo_h><lim 0 - -0
1=t h—>0 h—>0"
W Ds o) = — 1 dH0| <o
()TISD 0 F(l—a)dt =1, =

FIFHITE 3 555130 4, 7] 2 5700 40 F 4546
SIES W0<a< 1.0 WM. +oo) LB MER. BALE 6 = 0 flifd o(e) = 0 HXf ¢ €
[0 1) 4 o(0) = 0, WATDS, (1) < 0.

2 hEmEHE

LB FEIN A « € (0, D, EARCEM 1 HmERE [, ) 5 FG, o) #2H X « 2
Lipschitz 204, W2 (9 X E(7) 5 (8) X ff ek B A2 0 200 o SCHRE22] 28 3 i) 38 500 T 808 TR 1oy
J5 R 5 E BRAE T $] Caputo 230 BUB 5 408 SCT B0 B A L o B (P 7E HL o BEIE B R s XS TR 1
fiff BRBCRI T T (9) 3. SRR A5 R (0 (50 FH A7 70 B 8 B 0% I P W S 2 B A Oy A i ELIE T P A A 1 )
L, R TN E BRAS AT R R ORI (e ) 5 F ey ) X 2 W62 Lipschitz 51, fEAURE
BREL [ty ) 5 F(y ) S, W R (9) UL K sR BT S 5% T FR 45 10 LB e 3, IR R b —3 4 1y 51
PR T RS PR AE B . O E B 1 B9SERE AR T 3 e,

FE1 ¥ [, 2(0)),F, 2(0) € C(L0, +o0) X R, R H[0, +co) LRl ek%k (), X () 4



% 5 BB, . —EoRNM By FTRGE LR S B A 3

B R G0 o B B A R Y

Ds a(t) = f(t, 2(1)), 2(0) = x, (1)

‘Di. x(t) = F(ty, 2(1)), 2(0) = x, (8)
EAEER (. w) € [0, F0) XRA

f, w) < FQ, w 9
MWXHEER ¢ € (0, +00) H 2() < X ().
iE FARE X)) = 200 5 K, H
F(0, X(0)) — f(0, x(0)) = F(0, x,) — f(0, x,) >0

WS IES 0 > 0, ﬁﬁ%‘:é’q 0<<t<<oMf, 5 F, X)) — fG,y 2()) >0. FHFIB1, A

1

() = 2 + J (L= fles 2())des X1 = X, +
INED)

I'(a)
L ot) = X —x(), WA

J (t— ' Fles X(2))de

o) = = )J (t— " (Flzs X()) — (2 2())de >0, 0 < 1 < 5
a
M T R (0 X (0 2L, HIRE (o) TEXEIL0. o) S Rt = 10 BE DR (0 = 0 M,
BRI : € (0. 1) B (1) >0 H () = 0. NJ%IJFH%#F(W(S) 5 L, wrLs
‘D5 o) [y, = F(tyy X)) — f(tos 2(t)) = Fltys 2(t)) — ftys 2(1)) >0 (10)
S—J5 M. B @(0) = X(0) —2(0) = 0 LAKBIHEE 3 —5 Al

‘D, @ (1) ="Ds ,0(1,) <0 (1)
X510 TG, HOXFER ¢ SARFETE, FILSHERR ¢t € (0, +o0) BA () < X,
BRI ER 1, oT LAMS R AR M.
Wit 1 #h(a()) € CL0, +0) X R, R, f(1), F(r) € C([0, +o2), R) H[0, + o) FIAliH%
BRA 2 (o), X (o) 43500 R 4 A R 114 fi
‘Dé 2 (1) = h(x(®)) + (), 2(0) = z, (12)
‘Di x(t) = h(x()) +F@), 2(0) = x, (13)
FEREW € [0, +oo) 5 f(O) < F@, MXEER ¢t € (0, +o0) F () < X ).
MOE I 1RO KA F S EE, T 45k
FE2 &G, 2(), Flr, 2(0)) € C([0, +o0) XR, B, H[0, +oo) FATATfRREL x (1) . X (1) 4y
SRR 5 &) BfE. FXMERRUE R o0 REL [y w) 5L F(Gy w) KT w AU H R
£CO, 20) < FQO, 20) s f(ts w) < F(ty w st € (0, +00) (14)
WA 2() < X, t€ (0, +00),

iF é\sZ% | FC0. 20) — FCO. 20 |+ WIH £QO, 20) < FCO, o) B Ml e > 0. FILEFEER o> 0.
{#i 15
1t I)<%(F(O,Io)+f(0,fo))<F(t,I)y 0<t<8

M0<t<<off, HEML M () < X@). &t EXELS, + o) NFE—-MEEAEX () < X@® A
BCST B AT, WA

x(ty) < X))y () = Xy to € (0, £) (15)
FFHBIFE 1 T IR 5
x(ty) — X (1) = %J (to — ) ' (flz, 2()) — F(r, X()))dz << 0

EE:J:%,IT S (09 to) Htj‘(to _T)rl >0, .Jﬂ:i&“ﬁﬁ*ﬁ El S (O, l‘o> {ﬁ’f{:ﬁf
f(&s I(S]))_F(Ela X(El>><o (16)



4 79 i T e K FF IR RHAF R http://xbbjb. swu. edu. cn % 46 K

FHGIER 1 2l n] 15
(1) — X)) =

J (4, — 0 (fles 2(0)) — Flzy X()))de = 0

I'(a)
M€ 0, t) B —o " >0k (16) X, frfE—H & € (0. ) 15
f(&, 2(&)) —F(&, X(&)) >0 a7
(15 K, A 2(&) < X&) RUTRBGESE ¢ iR S (s w) KT w BRI, WA
fl&, x(&) < f(&, X&) (18)

50D MR f(&, X&) > F&, X&), RS5EERMEMNT FG. w < F(, w 7. HlkY: e
(0, +o0) WA 2() < X,

it 2 Eh(ae() € C(0,+o)XR, B, f(1),F(t) € C([0, +0), B) H[0, + o) L] ek
o) . X 3R EA2) 53 B, % £(0) < F0) HXY € (0, +o0) B f(1) < F), h(u) %
Fou ARG, WA () < X@), t € (0, + o).

JEFE 52 hmgsie . %ﬁ%%%&%XTﬁiﬁ%ﬁﬁ% Fe# 5 HLE 2] T Caputo 3 R 2 50br
Moy R e B RSB 3, 2T LR 4538 T LIAF 8] Riemann-Liouville 3 SCF 40 BB 5 7 B 1Y
e B

EE3 & f.Fe C0, +0) XR, R H[0, +o0) LMAIHeREL 2 (0), X @) 43 i 2 J7 7

Bpe x2() = f(t, 2()), D52 () |-y = 20 19
RDs 2 (1) = F(t, (), "Dyl () |-y = x, (20)

FXERER (1, 2) € [0, +00) X RA
f, () < F(ty 2(1) 2D

WA () < X, t € (0, +c0),
KL TR 2, AR e 3 174 T,
4 & f.Fe CUL0,+o0) XR, B HL0, +00) EMATREERE « (). X () 43500 2 5 #E(19) 5
(20). EXMEEBCED 0 PREL £y w) 5% F(ry w) T w BAE AW H 2
FQO, 20) < F(0s 20)s f(ty u) < F(ty u)s t € (0, + o) (22)
WA () < X, t € (0, +00),
B3 Whae) € CL0, +0)XR, R, f(1),F(t) € C([0, +20), R) H[0, +co) LA K
B2 (), X (o) 43 5 2 1 P T #E
MDs x(t) = h(x())+ F@, "D 2 |- = x4 (23)
RDs 2 () = h(x()) +F), ®Ds () |-y = xo (24)
FAHMEER ¢ € [0, +oo) F f(0) < F() 8 f(0) << F) H¥Y ¢t e (0, +00) B f() < FQ@) . h(w) XF
w BT, WA () < X)), t € (0, +00),

3 BHREN

M E R 1 5EM 3, % B0 800 o 77 B2 i Fe e .
FIES #ee [0, +o0), ar < ft, ) <br, Ha<<0, b<<0. 35[0, +o0) LA HERE 2
AR J7 R S
°Dé 2 (1) = f(t, (1)), 2(0) = z, (25)
W R (25) WyfR « (1) B4R Mittag-Leffler #iirfa & 1.
E B (0D 5 a0 55 AN WA TR Y
Dy a(t) = ax (), 2(0) = x,
‘Ds x(t) = bx (), 2(0) = x,
W/ SCrk[24] A 2 (1) = 2(OE, (at?)y 2,(1) = 2(OE,(t?), i E,(w?) 5 E,(t?) iy Mittag-Leffler



% 5 JRXR, F — RSBy FRGLEREEL B 5

MER 1 A 2o () < 2 < 2, (). WG Mittag-Leffler &% A0 85z  R7 . A 1i1‘”1’1‘E/,(/)l‘p) =
lim E, (at’) = 0. FIT LA 2 (25) MM « (o) J& 4 )7 Mittag-Leffler ¥ i1 f2 E 19.
K TR0 4518
THEG6 &:t€[0,+oo), ar < flt, 2) <<bxr, Hpa<<0,b<<0. F[0, +c0) FRATIAREL (D)
AT BB
RDs a() = [, (1)), D5 a0 |,y = x, (26)
N FEC26) BfR 2(t) &4/ Mittag-Leffler Wit fa %€ 1.

4 NG

Bl 1 2 S b SR B O AR
‘Di 2 (t) +Ax (1) = f(), 2(0) = b, 27
Hrr, 0<<a<<2, ARMIRE, (0 RS, £ R appEfE 5 0 AR 38 00 e BRal 3 2 Sh P sl ah. oA Resk
B HS t—R B J5 BR X IE (R, O R R A Caputo 438U S50 . 77 TR R 43 B 9 48 it~ 3 30
ZIEEI R M0 <o < LHF, FREREIHNICICHENIE EFEBIN S RSB M1 <o <
20, FRERI MRS, EBM RS T « = 1.2 I J7 B2 43 511 28 75 2 50 B 114 0 o 7 2 R 3 7 e
% S 5t Ty B
‘Dyx () = f(t, 2(t)) =— x(t) + sin’t, 2(0) = 2 (28)
‘DSix(t) =FQ, () =—2()+1.1, 2(0) = 2 (29)
it x(0 5 X 351 Rm TR 28) 529 B, Bk G, 2(0)) < FQ, x()), S 1 2 () <
X (o). FHSCERLIT] Hr i 7 vk ar A3 0 F2(28) 5 (29) MBUE M, W 1 iR, B 1SR BR 25(28)
IR T) () WBIMA x(0) = 2 FFE o S M FIEG. R40(29 W X WNFIE X0) = 2 FFip %
B R st HLN ) X (o WK GATERN ) (o WihZ 5. X 58 1AW 5.
B2 FZEWMT 3N

‘DySa(t) =—2x(), 2(0) =3 (30)
‘Dya(t) =—2() —0.5 | sin(x(2)) |, 2(0) =3 (3D
‘DySax(t) =—2(t), x(0) =3 (32)

HciEk(22], R 30) 5(32) BN E H 4R Mittag-Leffler ¥t f2 2 . J7F2 (31) X A4S I A Br ik
HERY¥ 2 >0 — 2 <<—x—0.5 | sin(x) |[<—x, Bor<0Bf —2x >—2—0.5| sin(x) | >—x, &
i E 5 AT R (31) AY AR h 28 12 42 R Mittag-Leffler Wi T £ 5E 19, 7 FE(30) — (31) (540 {f fi il £ 4o 141 2 Jr
R 2 h, L B, SR R (30D, (31) 5(32) Mufi ik, 1R e g it i AR o AR Ak
55 P 25 A A

207 307

—H12(28) KR —HE(31) R

-~ J77E(29) R 25k —HR(32) KR

1.5} 7572 (30) go sz
=10F
0.5}

O 1 1 1 1 1 O ' l 1 1 1

0 20 40 60 80 100 0 20 40 ) 60 80 100
T

B/l 54028 , (29 ¢ B2 FAG0), (31), (32) &yt



79 i T e K FF IR RHAF R http://xbbjb. swu. edu. cn % 46 K

5

% ®

AR SCHE T PR RO S 1A 23 B S BT S 0 R DL R B 30 D B S Volterra FRAF 5 R B9 SE M L 15

BT 2R B M AR R E . SIS R R, XF Caputo F 40 (5{ Riemann-Liouville 340 &
SUF o T B R UG, AS TR B J7 B A8 T I — 28 S PR . R N 5 7R 1A i 1 2 =22 ) 2 AS A S 1)

S 3Lk

[1] TATOM F B. The Relationship Between Fractional Calculus and Fractals [J]. Fractals, 1995, 3(1): 217-229.

[2] ROCCO A, WEST B ]. Fractional Calculus and the Evolution of Fractal Phenomena []J]. Physica A: Statistical Mechan-
ics and Its Applications, 1999, 265(3-4): 535-546.

[3] DASS. Functions Used in Fractional Calculus [ M]//Functional Fractional Calculus for System Identification and Con-
trols. Berlin: Springer Berlin Heidelberg, 2008. 19-34.

[4] PODLUBNY I. Fractional Differential Equations [ M]. San Diego: Academic Press, 1999.

[5] DIETHELM K. Multi-Term Caputo Fractional Differential Equations [ M]//Lecture Notes in Mathematics. Berlin:
Springer Berlin Heidelberg, 2010 167-186.

[6] KILBAS A A, SRIVASTAVA H M, TRUJILLO J J. Preface [M]//Theory and Applications of Fractional Differential
Equations. Amsterdam: Elsevier, 2006.

[7] QI HT, JIN H. Unsteady Rotating Flows of a Viscoelastic Fluid with the Fractional Maxwell Model Between Coaxial
Cylinders [J]. Acta Mechanica Sinica, 2006, 22(4): 301-305.

(8] Wik, elels, MFET. REWWMM LW EMER [J]. hEBS. W% J1% XX, 2010, 40(10);
1267-1274.

[9] DEBNATH L. Recent Applications of Fractional Calculus to Science and Engineering [ J]. International Journal of Math-
ematics and Mathematical Sciences, 2003, 2003(54) . 3413-3442.

[10] DENG W H. Short Memory Principle and a Predictor-Corrector Approach for Fractional Differential Equations [ ] ].
Journal of Computational and Applied Mathematics, 2007, 206(1) . 174-188.

[11] MONJE C A, CHEN Y Q, VINAGRE B M, et al. Fractional-Order Systems and Controls [ M]. London: Springer Lon-
don, 2010.

[12] SHI M, WANG Z H, DU M L. A Modified Multi-Step Differential Transform Method for Solving Fractional Dynamic
Systems [J]. Journal of Computational and Nonlinear Dynamics, 2013, 8(1): 011008.

[13] GULSU M, OZTURK Y, ANAPAL A. Numerical Approach for Solving Fractional Relaxation-Oscillation Equation [J].
Applied Mathematical Modelling, 2013, 37(8);: 5927-5937

[14] WEI S, CHEN W. A Matlab Toolbox for Fractional Relaxation-Oscillation Equations [ EB/OL]. (2013-02-14)[2018-12-
25]. https://arxiv. org/abs/1302. 3384.

[15] LAKSHMIKANTHAM V, VATSALA A S, Theory of Fractional Differential Inequalities and Applications[]]. Com-
munications in Applied Analysis, 2007, 11(3): 395-402.

[16] DRICI Z, MCRAE F A, DEVI ] V. Fractional Differential Equations Involving Causal Operators[J]. Communications in
Applied Analysis, 2010, 14(1); 81-88.

[17] WANG G T, BALEANU D, ZHANG L H. Monotone Iterative Method for a Class of Nonlinear Fractional Differential
Equations [J7]. Fractional Calculus and Applied Analysis, 2012, 15(2) . 244-252.

(18] LAKSHMIKANTHAM V. LEELA S, DEVI ] V. Theory of Fractional Dynamic Systems [ M]. Cambridge: Cambridge
Academic Publishers, 2009.

[19] YAKAR A. Some Generalizations of Comparison Results for Fractional Differential Equations [J]. Computers & Mathe-
matics With Applications, 2011, 62(8): 3215-3220.

[20] YAKAR A. Initial Time Difference Quasilinearization for Caputo Fractional Differential Equations [ J]. Advances in



MeXR, F: — koMM 7RG TR E B A 7

i
al
=

Difference Equations, 2012, 2012(1); 1-9.

[21] KING A C, BILLINGHAM J, OTTO S R. Differential Equations [ M]. Cambridge: Cambridge University Press, 2003.

[22] BIMA . EREEsE, WM. B R ke B [T BB SRRk, 2009, 23(1): 97-103.

(23] BRyEWI, Lo 7 OB B [T, 70 I R 222 4R CH SR B2 b » 2013, 38(8) ¢ 169-172.

[247 POLLARD H. The Completely Monotonic Character of the Mittag-Leffler Function E, ({- z}) [J]. Bulletin of the A-
merican Mathematical Society, 1948, 54(12). 1115-1117.

[25] MAINARDI F. Fractional Relaxation-Oscillation and Fractional Diffusion-Wave Phenomena [J]. Chaos, Solitons &
Fractals, 1996, 7(9). 1461-1477.

[26] Bk C. PhELS, AP0 45 TR IR 40 B S B0 [ M. dbst . Bl it . 2010.

A Class of Comparison Theorems and Application

of Fractional Differential Equation

TENG Xing-hu, MAO Zi-sen, LI Jing, HAN Xiao

Department of General Education, Army Engineering University of PLA, Nanjing 211101, China

Abstract: By the equivalence of fractional differential equations and the corresponding Volterra integral e-
quation, and with the mean value theorem for improper integral, a new proof of comparison theorem of
fractional differential equation is given. And the comparison theorems are generalized. Also, the stability
of a kind of fractional differential equation is discussed with the comparison theorem. And examples are
given to illustrate the results.

Key words: fractional differential equation; comparison theorem; Volterra integral equation; stability;

fractional relaxation-oscillation equation
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