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A New Hybrid Conjugate Gradient Method
with Sufficient Descent Property
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Abstract: In this paper, a new hybrid conjugate gradient algorithm has been developed for solving uncon-
strained optimization problems. The proposed method can be viewed as a convex combination of Polak-
Ribiere-Polyak method and Fletcher-Reeves method. In this method, a sufficient descent direction can al-
ways be generated, with its convex combination parameter as an extension of the parameter proposed by
Babaie-Kafaki and Ghanbari. Under the Wolfe line search, the global convergence has been established.
Some numerical results show that proposed method is effective.

Key words: unconstrained optimization; conjugate gradient method; sufficient descent; global convergence

AR 3L T T A TS 29 AR Ak T R
min{ f(x): x € R"} (D
XH R ——RIE—DHEIEEL, B R 4R AS ], BRI F MBREIC Mg (x): =V f(x). FELFRK

O YR HEY . 2020-03-08
HeWH, BEARF¥IES W E (11701470) 5 DU SCH 2 BE 2019 4F B A 2 B BF I H = B Lr B & R AR5 % i & S % i wi A
(2019XKQO001) ; DU JI| SCHE24 B 2017 4F BERMIF AL 4 B AR B4R 58 — ik 5 H (2017KZ010Y).
TEF A ABa2el, BlEE, EEMNFERAAIEIS S, s R% 0 LM 5 R .
BAEEE . #fE, Bh#L



2 B R FFROERFFIR) http://xbbjb. swu. edu. cn B AT K

fiff IS TE 249 TR AL Ak ) 8 o @i*%ﬁﬁﬁﬁﬁﬁE’J‘H%Lﬁﬁﬁ?f%ﬂ“ﬁi%E’*J. A I 1 R oK il Y
TAFRMAL R D) 1 —2K B0k, Hams g~
X =X, taud, (2)
XHx, € R B —DHENF L REIT, a, >0 —-MEEMEHRTHENLK, d. € R EHEIM,
Hog v

dk: - (3)
— 8 +,8kd/c71 k>0
Hrp. g, RR-BEgx ), i € RALHSH. P K o HIRUHER Wolfe KR
f(x;\, +akd}\,) <f(xk)—|—3a/gfdA (4)
{g(xk +a,d,)Td, >Ug;crdk

oK 5 Wolfe 218 %

f(x, tad) < f(x,) +0argid,

{ g (x;, +ad)'d, |<o|gld, |
g, Ho 0 <o <o << 1. A A9 S 486 B vk X A W] A9 2L 58 2 80 5. A BT 81 0 1% 26 B 4 Bk A 46
Hestenes-Stiefel (HS)™ , Polak-Ri biére-Polyak(PRP)® ! , Dai- Yuan(DY)™ , Liu-Storey (LS)" , Fletcher-Reeves(FR)™  Fil
Conjugate-Descent (CD)™, "B AT THTXE R (I IEHESE T

HS gV PRP giYi DY g, Il°
P d[—l)’h—l P B H 8 H 2’ Pt d)f—l)’k—l
s 8iYi FR g, |l * o g Il°
P dl‘lg/ 1’Bk ) H 81 HZQ[Q% ’ d:‘lgﬁ 1
Hby, =g —ge H Il o || FRERREE. BARREUE — 74 M W R BOT B 2K iR i 28 R 15

2, HAE—BIEE T, SO0 Be R AEUE R BRI HE. A E %, DY /f CD LM FRIEHA R
W SE B, (H AT B B R — s M, PRP¥E, HSEEM LS 24 @ i BUE £ B, (H 10 fig
WS R T ARAF S BUEROR L, R E X LSS5 A BIE T — e it fl— g &1 ok
SCF 2 AR B TR A2 . SCERC13] @it X PRP 351 DY 347 A 45 38— P a9 LB ks
B, HALESHIn T

B =1 — 0B + 0,5
H 280, € [0, 1] &Myl d, =0 0. &t , SCH[14] X PRP LM FREHEAT A, 5lIET
—FIR A LB Bk

BHC, = (1— 0, + mFR
XHEZH0, € [0, ljiﬁﬂ%’kﬁéﬁmlﬂuﬁmm (i —af™ || 7.k 53], FEFRUER) Wolfe 48 &R 514

T ZAEBAT 2 RS R T R B
ZOCHRL14] B8 K o ARSI IE T — R AOTR & L Pe kb i ik

\

B =1 =008 + 081" (5)
X H
0. H7gige1 +gip. #0HO €0, 1]
0, =10 5 gige *+gipy =080, <0
1 Fo >1
Hrp

gidi Pidi 8LV
gthH H d, H : gfpk

0; =—



%14

HFEb, F. ALY THEREGIH IS

A B R

3

HPEALT R mind [ di —

—d" Pk =10 R RTINS R B AR A ML A S BB B B AR VENH +

S NH A+ k. I SCERLLS ] 42 H i ZZ10 352 SCHR16 ] 52 A9 NYF iR BRI B0 IRt . SCHRL 14 ] 42 i i
JriddE NH A+ 3R RE 0L (Y p, =g, RIS SCRRL 14T Y75,

1

NH+ B HiF#E E & %

HFHPESE RN WITE ARG, IS NH+ BE0T .
NH + &

ﬁigf% 1. é{i\/ﬁg%ﬂﬁé)ﬁ X EH%E €. Ek =1, é\dl = 4.

L2 5 g |l <eo &b, BN, LS

PR 3. () LR E I I d,.

B 4 HARER Wolfe I8 R (D) FiE L KN T a,.
HHES: B2 KT A EAA x.

6. Sk =k+1, T2

% NH + B4 RIS 547
J T UER L NH + BUsr: . 44 T 40T B9 A8 .
Big1 KFES=(x

CFO) < flx)) HR. Wﬁf&>w SHFIEx €S H | x| <a.

H bR R B BE FE R EAE S M HE 488K U N Lipschitz 2, BIFEERL >0, XEFE x.y € U, fi
lgx) =g <Llx—yl.
AR T RETE R Ry >0, WiT&E x € S. A
g | <7 (6)
LA Zoutendijk £ M FERESA AR 51 B 1, X A5 BAE IS IE AL B ps EE Bk 2 R s P B EE
MIAE .
SIF 1 i 1 or. BE NH 4 W Ry m & TREW. K2 FRiE Wolfe 2638 R &/, W
Zoutendijk %% ﬁ:EﬂE} , (\‘\gt/id}H < oo JRAL.
iE ibRdE Wolfe i R &), 0
(g —gw1)'dy = (6 —Dgid,,
(gk _glzfl)'rdkfl <Lap L H d, H :
ZEAE Y NH + 1Y R R, 5
e > o—1 . giad,
S A I [
— (4 K
. . 51 —¢) (gfid, )°
f(xp) — f(x) = i . Td, >0 D)
XD KM b =1,2,,00 KM, IHFEEERRE £ (x) A A, BIF Zoutendijk s iar. Fik, 45
THE.
T AU SRR R NH + 2 R siobE i S, x> B i RS Uk i A2 n] 2 WSCmk[17].
SIEE 207 M 1. FA BN, BRUE Wolfe I R A MMy, %> o —co, 0

=0 d )



4 B R FFROERFFIR) http://xbbjb. swu. edu. cn B AT K

lim inf || g, || =0.
koo

co

S o WA

Bk, CHRLIS] AWM THR ), M Spr =X 41 T X AR JINET B KA /)N,
MR (x)M™ WTHEMERL. AT Er=0. A<y <<|lg. . mMH. HF&EEHo>1.2>0,

G B <6l s | <a= | g I<%%ﬁﬁfci, LB e U R ).

PRk, R4 RSSO A AEA R & 4.
5133 ARk 1. 7o PR, brifE Wolfe 248 RAM S L. AR () miar, Wd, # 0 H

d,
2»:1 lu, =y |7 << oo, ;H\:EPukzzil-
: ld, |

WE i de# 0, g F 0 KFE TR u, E A E X

ESEE ARSI 2 30 7 A, B lim inf | g, | 750, WD)

BIE L p, s :% MR T
N g,
o = g ©
M) RXMG) X, HEELE=1. A
U, =p; +wlt, 9
BEF lu, |l = lluy || =1F0 K, 15
o |l =lu, —wuuiy | = | werry —upy |l (10)
T A =0, W) XHFM w, = 0. WA, FIHA=ZMAAEEMA0) X, AT
lu, —u | <A+ o) lu, —u, || =
lu, — oy o, —uy | <
luy —wu | + low, —ue || =
2l p, |l (1D
M Zoutendijk Z& . 753 F FEAAERI(8) LA
S = e I el < e (12)

FURMERE ). D R X, D lwe—we 124D pe 12 << oo, Z5BT5IE.
A N, SRR [AREUE. A IER B MIER A, & X
tor=li €N R <<i<k+A—1, s ] =2}
Hop | Ky | %5 Kb BMITEANE
SIT2 4 A55IHE 3 A B A PERR ST, B0 NH W2 R ), IAEAERBA Mk, ML A €
N, e =k, fli15

A
| Kioa | > 5
iE FIHRGEERIBIE. RIZFEE A € N FIHE b, SHERIEFHEA AEZELE =k, A
(Kis =5 (13)
b=>1Hln >0 PREE. LA =y, HERC A X, A
ko+Ci+1) A 1 %
H: k:t]mAl |Bﬁ |: H ‘BF ‘ H |Bk ‘<b7(%j s Y1 =0 (14

A A
EEKyorint1. o k& Kiopintl, a



14 FRA, F. —AFRA LS T Mg b B RS Lk 5

A it
ko+iA 2 ]i[hﬂr_\ HMHrA
Hj:ko+12B j=ko+1 Bf j=ko+G 1)A+12B]

A i 2 J’Ai L iA<
2 bi =5 <1 (15

SHER i =1, by < <k, +id, f77E ", fHif8
k +ZA Z</€o+(l +1)A k()+lA

ko+iA ko+G'+1DA ko+G+2)A 2 ko+iA
H 2;8/ Hj 23/ Hj—k(ﬁ»(i’nLl)AJrl Zﬁj Hj*ktHr(i*l)Avl Zﬁfz
o > 1M K15

[10 2 < (16)
H ey = b2,
MR Cx L 6) XL A5 A6 X, H
Fdein 17 << Clgroia |+ Bera | Tdigias 1) <
201 guoran 17+ 1 Broraa 1P T digiins %) <

27 AL 2+ L VT 20 <

b D AL 2+ | <

l=kot2

2 y? +2z72<»1<ztA—1)+m

Holre, — o, || B Ekwm‘y/Ej = ! — oo,

= d*v‘d I T2yt 2bte, A — D + e,
M58 2 Filim inf | g, | =0, SR . Hitk, A5 RAL.
AT 3 M 4, R SCERI14] PSRk 518 T r e 2 1. BT R0, X BLR% Lk BT 2.
B 1 AR 1 MPRTE Wolfe Ze4 R ARML . WIRG L NH + W & T 3 S .
(pD) MEFE L =1, A" =0
(p2) 4 FHEPER Zoutendijk £ 37 2 ;
(p3) PEFECx) W, MHAATEERH M, fifF0, <M s | .

WA NH + 4 s,

3 HEZXW

J T RS NH + 552 NYFY | 83k HCG+Y | 5k PRP S, X SCHk[19] H i 63 A3 bR
Bk AT 9256, 4 R R A Matlab £2 57 9280, HAE Windows 7 #:/E R4 . AMD Athlon(tm) II Dual-Core
M320 CPU 1 2 GB WAEFREE MR IZE4T. W% o =0. 95, 6 =0.000 1. & p, =g,. LMWK g, || <10°
s A ] i 3 600 s, FB A BUMA 25 R WL AR 1. A BOE S50 BLAAR 25 Rl 2 UL EE B hteps: //weibo.
com/2145331053/IsvzxrnEi? from =page 1005052145331053_profile.wvr =6 & mod =weibotime&.type =

comment.

WA, FH SCRRC20 14 H A9 1 8 308 220 1m0 58 2 i TS A8CR R As e M. it LASRARI a] | AR RECh J&
&, YRR SE RS P (o), I T pyEREE (K 1,18 2). SER 45 R K B] . NYF fl PRP+7E 1. 8 s HidL
S FEAR L NH+F§18, Z 5485 NH+ 00, JFAR IR #1F0 08 s HCOG+ L A 3 ol 83032 Ay Wi SI038 2 B 1%
NH+—F T HAD 3 ML, 545 PRP+[FAERE. B AT AE & NH-+ 25840 FIH 7 PRP il NYF (#45m
BRI DL FR 1 R GFlesiotE. Bk, NH+ & — N300 E k.



6 B R FFROERFFIR) http://xbbjb. swu. edu. cn B AT K
x1 MAPEXIBRER
BRI £ 44 YeFE /4 RS AR E/ R WA/ s HEREE
20 NH+ 138 2 137.390 9.37TE—07
20 PRP+ 94 1 303. 897 9.93E—07
LIARWHD
20 NYF 345 11 117. 170 9. 02E—06
20 HCG+ 340 3 605. 104 1. 10E—05
50 NH-+ 179 1 957.943 8. 4TE—07
50 PRP+ 132 1 292. 290 7.51E—07
DIAGONAL
50 NYF 708 2 381.197 8. 95E—07
50 HCG+ 740 3 615.365 1. 04E—05
100 NH+ 181 2 089. 250 0. 00E+00
100 PRP+ 136 1 315.878 0. 00E+00
QUADRATICQF1
100 NYF 231 4 130.011 1. 15 E—02
100 HCG+ 282 3 613.380 9.89E—03
400 NH+ 17 1 859. 335 9.91E—07
400 PRP+ 48 3 633. 389 4.55E—03
QUARTC
400 NYF 50 3643.121 3. 70E—03
400 HCG+ 17 1 956. 870 9.91E—07
TOF ettt
0.9
0.8
0.7
= 046
a
0.5
. 0.4
r NH+ —NH+
0.3 ';,{ -+ -PRP+ 031 / — + -PRP+
L aee NYF e e NYF
0.2} - - -HCG+ 0.2 - - -HCG+
0.1 L L L 1 1 L L L L ) 0.1 T 1 L L 1 L L ' L L )
1T 1.5 2 25 3 35 4 45 5 55 6 1T 1.5 2 25 3 35 4 45 5 55 6
t/s t/s
A1 #AReEFEEER B2 #HARREFEFHEER
e e

(1] RRE. — Bk A IC L AL A AR HT IR A L PR B2 [T, Pm i R 2222 M CAARBLH MO . 2019, 44(9) : 34-39.
[2] HESTENES M R, STIEFEL E. Methods of Conjugate Gradients for Solving Linear Systems [J]. Journal of Research of

the National Bureau of Standards, 1952, 49(6) . 409-436.

[3] POLAK E, RIBIERE G. Note Sur La Convergence de Méthodes de Directions Conjuguées [ J]. Revue Francaise dInfor-

matique et De Recherche Opérationnelle Série Rouge, 1969, 3(16): 35-43.

[4] POLYAK B T. The Conjugate Gradient Method in Extremal Problems []J]. USSR Computational Mathematics and Math-

ematical Physics, 1969, 9(4). 94-112.

[5] DAIY H, YUAN Y. A Nonlinear Conjugate Gradient Method with a Strong Global Convergence Property [J]. SIAM

Journal on Optimization, 1999, 10(1) . 177-182.

[6] LIU Y, STOREY C. Efficient Generalized Conjugate Gradient Algorithms, Part 1: Theory [J]. Journal of Optimization

Theory and Applications, 1991, 69(1). 129-137.

[7] FLETCHER R, REEVES C M. Function Minimization by Conjugate Gradients [J]. The Computer Journal, 1964, 7(2):



14 R, Fo — A RA AL T ey 376 A S du b ik 7
149-154.

[8] FLETCHER R. Practical Method of Optimization, Unconstrained Optimization [M]. New York: John Wiley and Sons.
1987.

[9] SHENGWEI Y, WEI Z X, HUANG H. A Note about WYL’s Conjugate Gradient Method and Its Applications [J]. Ap-
plied Mathematics and Computation, 2007, 191(2) . 381-388.

[10] DAI Z F, WEN F H. Another Improved Wei-Yao-Liu Nonlinear Conjugate Gradient Method with Sufficient Descent
Property [ J]. Applied Mathematics and Computation, 2012, 218(14): 7421-7430.

[11] # 17, SRIRA, L&A —MHMIRG LM ER S (1] W REEMBEARBEMD . 2017, 39(5): 132-138.

[12] LIU J K, DU X L. Global Convergence of an Efficient Hybrid Conjugate Gradient Method for Unconstrained Optimiza-
tion [J]. Bulletin of the Korean Mathematical Society, 2013, 50(1): 73-81.

[13] ANDREI N. Hybrid Conjugate Gradient Algorithm for Unconstrained Optimization [J]. Journal of Optimization Theory
and Applications. 2009, 141(2); 249-264.

[14] BABAIE-KAFAKI S, GHANBARI R. A Hybridization of the Polak-Ribi¢re-Polyak and Fletcher-Reeves Conjugate Gra-
dient Methods [J]. Numerical Algorithms, 2015, 68(3): 481-495.

[15] ZHANG L, ZHOU W J, LI D H. A Descent Modified Polak-Ribiére-Polyak Conjugate Gradient Method and Its Global
Convergence [J]. IMA Journal of Numerical Analysis, 2006, 26(4): 629-640.

[16] NARUSHIMA Y., YABE H, FORD J A. A Three-Term Conjugate Gradient Method with Sufficient Descent Property
for Unconstrained Optimization [J]. SIAM Journal on Optimization, 2011, 21(1): 212-230.

[17] ZOUTENDIJK G. Nonlinear Programming, Computational Methods [J]. Integer and Nonlinear Programming, 1970,
143 37-86.

[18] GILBERT J C. NOCEDAL ]. Global Convergence Properties of Conjugate Gradient Methods for Optimization [ J]. SIAM
Journal on Optimization, 1992, 2(1): 21-42.

[19] ANDREI N. An Unconstrained Optimization Test Functions Collection[ ] ]. Environmental Science and Technology.,
2008, 10(1): 6552-6558.

[20] DOLAN E D, MORE J J. Benchmarking Optimization Software with Performance Profiles [J]. Mathematical Program-

ming, 2002, 91(2): 201-213.

REHE Kk



