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GARCH模型的二次加权复合分位数估计①

钟泽君, 李婷婷

西南大学 数学与统计学院,重庆400715

摘要:基于复合分位数回归理论对GARCH 模型提出更加稳健有效的二次加权复合分位数回归(BWCQR)估计,

讨论了该估计权重的数值解及其大样本性质.数值模拟显示,当扰动项为厚尾分布时所提出的BWCQR估计明显优

于传统的类极大似然(QMLE)估计、分位数回归(QR)估计和复合分位数回归(CQR)估计.应用BWCQR方法建立

股指的波动率系统,进一步验证了BWCQR估计在实践意义下的竞争性.
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Abstract:Basedonthegoodnessofcompositequantileregression(CQR),theGARCHprocesshasbeen
putintoconsiderationwithamorerobustandefficaciousestimatorproposedbybiweightedcomposite
quantileregression(BWCQR),togetherwiththeinvestigationoftheweightsoftheresultingBWCQResti-
matorandwiththeestablishmentofitslargesampleproperties.Simulationstudiesdemonstratethatthe
proposedBWCQRestimatorissignificantlyoutperformsthanthetraditionalestimations,suchasQuasi-
MaximumLikelihoodestimation(QMLE),Quantileregression(QR)estimationandtheCQRestimation
whentheinnovationfollowsaheavy-taileddistribution.Theempiricalanalysisonthestockindexvolatility
furtherverifiesthattheproposedBWCQRiscompetent.
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文献[1-2]提出了广义自回归条件异方差(GARCH)模型,该模型主要用于刻画资产收益率的波动规

律.文献[3-4]将GARCH同多种传统模型进行实证比较,结果表明GARCH能更为准确地反映我国某些

市场的波动情况.后续学者根据市场特征和需求的不同对GARCH 进行了推广研究,并演化出了一系列

GARCH族模型[5].
目前,用于估计GARCH模型参数的方法多种多样.文献[6]将类极大似然(QML)法用于GARCH和

ARMA-GARCH模型的参数估计;文献[7]将QML法扩展到一系列多维GARCH类模型,且实证表明其
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能很好地刻画汇率序列的波动.虽然文献[8]指出QML估计对数据分布具有一定的容错性,但其对异常值

很敏感,少量异常值就会对QML估计产生巨大的影响,也即QML估计并不稳健,其次,QML法还要求

序列4阶矩存在,而金融收益率时序列分布往往呈现出“尖蜂厚尾”的特点,难以满足该条件.由此,文献

[9]提出了较为稳健的偏差绝对值最小(LAD)法.文献[10]提出了基于传统GARCH模型的分位数回归估

计(QR)法,并证明了该估计的一致性.虽然QR估计一定程度上减少了数据尖峰厚尾所造成的估计误差,
但风险水平的选取将直接影响到QR估计的结果.因此,文献[11]将复合分位数回归(CQR)应用于估计高

频数据的GARCH参数,数值模拟结果显示CQR估计较QR估计更为精确有效.CQR通过综合考虑多个

风险水平下的条件QR使得估计更为稳健有效,但应对不同的市场损失情况应当赋予不同程度的损失,故

文献[12]考虑加权复合分位数回归(WCQR)法,其通过极小化 WCQR参数估计的渐进方差得到权重值,
对于不同分位数回归给予不同的权重,以此得到更加稳健有效的估计.

近年来,受文献[13]提出的两步QR思想的启发,文献[14]提出了GARCH模型的混合QR估计,该

估计主要分为两步:首先计算QML估计下的条件标准差拟合序列,接着将此条件标准差拟合序列的倒数

作为QR损失的权重得到估计,数值分析表明混合QR估计可以削弱极端波动的影响,得到更为精确有效

的估计;文献[15]还将上述混合QR估计用于探究GARCH-X误差模型,数值模拟显示出该混合估计在大

样本下表现最优.本文进一步将混合估计扩展到CQR,结合 WCQR思想,由此提出二次加权分位数回归

(BWCQR)技术.数值模拟及实证分析表明利用BWCQR估计GARCH模型参数在一定准则下相较已有估

计技术更加合理有效.

1 模型及估计

1.1 GARCH模型的BWCQR估计

记yt 表示某资产第t天的收益率,则标准GARCH(p,q)模型为

yt=vtηt

v2
t =1+∑

q

i=1
αiy2

t-i+∑
p

j=1
βjv2

t-j

其中:扰动序列{ηt,t≥1}为独立同分布的随机变量序列;vt 为yt 的条件标准差,vt=Var(yt|Ft);Ft 表

示由{ys;s≤t}生成的σ 域.记参数α=(α1,…,αq)T,β=(β1,…,βp)T,γ=(αT,βT)T 且γ≥0,对

应的真值分别为α* =(α*
1 ,…,α*

q )T,β* =(β*
1 ,…,β*

p )T,γ* =(α*T,β*T)T.
对应GARCH(p,q)模型的条件τk 分位数为

Qyt(τk|Ft-1)= 1+∑
q

i=1
αiy2

t-i+∑
p

j=1
βjv2

t-j( )
1
2ξ*

k (1)

其中ξ*
k 为扰动序列{ηt,t≥1}的第τk 个真实分位数,也即满足P(ηt ≤ξ*

k )=τk.
GARCH模型的CQR估计[11]为

􀭹θn =argmin
θ∈Θμ

1
n∑

n

t=1
∑
K

k=1
ρτk(yt-qt(θk)) (2)

其中:分位数水平τk =
k

1+K
,k=1,…,K;条件分位数qt(θk)=vt(γ)ξk 由式(1)可得;τk 水平下损失

函数定义为ρτk(u)=u(τk -I)(u<0),其中I 为示性函数;参数空间Θμ 的定义见假设1.记参数ξ=
(ξ1,…,ξK)T,θk =(ξk,γT)T,θ =(ξT,γT)T,对应的真值分别为ξ* =(ξ*

1 ,…,ξ*
K)T,θ*

k =(ξ*
k ,

γ*T)T,θ* =(ξ*T,γ*T)T.

注意到,当p,q≥0时,本文初值取为y0=…=y1-q=y1,v
∧
2
0=…=v

∧
2
1-p =y2

1,取定初值后的v2
t(γ)

对应为v
∧
2
t(γ)=1+∑q

i=1αiy2
t-i+∑p

j=1βjv
∧
2
t-j(γ).

将文献[12]提出的 WCQR扩展至GARCH模型

θ
∧
1
n =argmin

θ∈Θμ

1
n∑

n

t=1
∑
K

k=1
ωkρτk(yt-q

∧

t(θk)) (3)
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其中:q
∧

t(θk)为给定初值下的条件分位数q
∧

t(θk)=v
∧

t(γ)ξk;ωk 表示τk 分位数水平下损失函数对应的权

重,对任意1≤k≤K 有ωk >0,且∑
K

k=1ωk =1.关于权重ωk 的选取详见注2.

将文献[14]提出的混合QR加权思想扩展到CQR,由此衍生出估计

θ
∧
2
n =argmin

θ∈Θμ

1
n∑

n

t=1
∑
K

k=1
v
∧

-1
tρτk(yt-q

∧

t(θk)) (4)

其中v
∧

t 为给定初值下CQR估计的条件标准差,v
∧

t=v
∧

t(γ
~

n),γ
~

n 由式(2)计算可得.
将式(3)和式(4)相整合,即可得到本文提出的BWCQR估计

θ
∧

n =argmin
θ∈Θμ

1
n∑

n

t=1
∑
K

k=1
ωkv

∧
-1
tρτk(yt-q

∧

t(θk)) (5)

1.2 假设及定理

在给出BWCQR估计的渐进性质之前,须引入一些记号和模型假设:记向量a 的欧几里得范数为

‖a‖;C表示在不同的计算过程中不尽相同的任一正数;定义矩阵A= (aij)的欧几里得范数为‖A‖=∑i,j

|aij|;V 表示一广义可积随机变量;{St}表示一平方可积非负平稳遍历过程且满足St∈Ft-1;变量ρ满足

0<ρ<1;ρτk(u)关于u 的导数为ψτk(u)=τk -I(u<0).
假设1 模型的真值θ* 为Θμ 的内点,其中参数空间Θμ 定义为

Θμ = θ∈Rp+q+K:|ξk|≤
1
μ
,k=1,2,…,K ;∑

q

i=1
αi+∑

p

j=1
βj ≤1-μ,αi,βj ≥0,∀i,j{ }

其中实数μ ∈ (0,1)且使得θ* ∈Θμ.

假设2 令多项式A(x)=∑q

i=1α
*
i xi,B(x)=1-∑p

j=1β
*
jxj,对p,q>0有α*

q >0,β*
p ≠0.多

项式A(x)和B(x)没有公因子.
假设3 (i)扰动ηt 满足E(η2

t)<∞;(ii)记ηt 的累积分布函数为F,对应的密度函数为f.f可积且

对1≤k≤K 满足f(F-1(τk))>0,且有supx|f(x)|≤C1,supx|f'(x)|≤C2,其中实数C1,C2>
0,f 在ξ*

k 的邻域内连续.

假设4 矩阵E
􀆟qt(θ*

k )
􀆟θ

􀆟qt(θ*
k )

􀆟θT
æ

è
ç

ö

ø
÷ 为正定矩阵.

定理1 在假设1-3满足的条件下,有n→ ∞ 时θ
∧

n
p
→θ*.

为了简便,记vt=vt(γ*),v~t=vt(γ􀮨n),v
∧

t=v
∧

t(γ􀮨n),其中γ􀮨n 表示复合分位数的参数估计(CQRE);

qt(θk)=ξkvt(γ)和q
∧

t(θk)=ξkv
∧

t(γ)分别表示未给定初值和给定初值τk 水平下的条件分位数.文献[10]

的推论A.1-A.7给出了qt(θk),q
∧

t(θk),vt(γ)和v
∧

t(γ)及其导数的相关性质,本文中简记为A.1-A.7.
证明  分别定义

Sn(θ)=
1
n ∑

n

t=1
∑
K

k=1
ωkv-1

tlk(θ)

􀭾Sn(θ)=
1
n ∑

n

t=1
∑
K

k=1
ωkv

~-1
tlk(θ)

S
∧

n(θ)=
1
n ∑

n

t=1
∑
K

k=1
ωkv

∧
-1
t lk

∧
(θ)

其中lk(θ)=ρτk(yt-qt(θk)),l
∧

k(θ)=ρτk(yt-q
∧

t(θk)),qt(θk)=ξkvt(γ),q
∧

t(θk)=ξkv
∧

t(γ).为了方

便,定义dt(θk)=qt(θk)-qt(θ*
k ),d

∧

t(θk)=q
∧

t(θk)-q
∧

t(θ*
k ),ηtk =ηt-ξ*

k .
本文主要证明定理2及推论3,定理1不作详细证明.关于定理1可参考文献[15]中定理1的证明,分

证四点即可:
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1)sup
θ∈Θμ

|S
∧

n(θ)-Sn(θ)|=op(1);

2)∑
K

k=1ωkE(sup
θ∈Θμ

v-1
tlk(θ))< ∞;

3)∑
K

k=1ωkE(v-1
tlk(θ))在θ* 处有唯一最小值;

4)对任一θ# ∈Θμ,当ℓ→0时有∑
K

k=1ωkE(sup
θ∈Bℓ(θ#)

v-1
t [lk(θ)-lk(θ#)])→0,其中 Bℓ(θ#)=

{θ# ∈Θμ:|θ# -θ|<ℓ}表示以θ# 为中心ℓ为半径的邻域.

定理2 在假设1-4满足的条件下,有 n(θ
∧

n -θ*) d
→N(0,D-1CD-1),其中矩阵C,D 分别为:

C=∑
K

k=1
∑
K

k'=1
ωkωk'(τk ∧τk' -τkτk')E v-2

t
􀆟qt(θ*

k )
􀆟θ

􀆟qt(θ*
k')

􀆟θT
æ

è
ç

ö

ø
÷

D=∑
K

k=1
ωkf(ξ*

k )E v-2
t

􀆟qt(θ*
k )

􀆟θ
􀆟qt(θ*

k )
􀆟θT

æ

è
ç

ö

ø
÷

 注1 当K=1,ω=1且vt=1时,定理2退化为QR估计的渐进性质,详见文献[10]定理2;当K =1
且ω =1时,定理2退化为混合QR的渐进性质,详见文献[15]定理2;当ω=1且vt=1时,定理2退化

为CQR的渐进性质,详见文献[11]定理2.

引理1 在假设1-3满足的条件下,定义δ= n(θ-θ*),有

nG
∧

n(θ)-nG􀮨n(θ)=op(|δ|+|δ|2)

其中Gn(θ)=Sn(θ)-Sn(θ*),G􀮨n(θ)=􀭾Sn(θ)-􀭾Sn(θ*),G
∧

n(θ)=S
∧

n(θ)-S
∧

n(θ*).
证明

nG
∧

n(θ)-nG􀮨n(θ)=

∑
n

t=1
∑
K

k=1
ωk(v

∧
-1
t -v~-1

t )[l
∧

k(θ)-l
∧

k(θ*)]+∑
n

t=1
∑
K

k=1
ωkv

~-1
t {[l

∧

k(θ)-l
∧

k(θ*)]-[lk(θ)-lk(θ*)]}=Δ

􀭾R1n(θ)+􀭾R2n(θ)

可分别证􀭾R1n(θ)=op(|δ|)与􀭾R2n(θ)=op(|δ|2).

1)分别对dt(θk)及d
∧

t(θk)进行泰勒展开

dt(θk)=
δT

n
􀆟qt(θ'k)

􀆟θ    d
∧

t(θk)=
δT

n
􀆟q

∧

t(θ'k)
􀆟θ

(6)

注意到,对 ∀τ∈ (0,1)有ρτ(x)≤|x|.由ρτ(x)的Lipschitz连续性及式(6),有

|l
∧

k(θ)-l
∧

k(θ*)|≤C|d
∧

t(θk)|≤
C
n

|δ|
􀆟q

∧

t(θ'k)
􀆟θ

(7)

其中θ'为介于θ* 与θ*+
δ
n

之间的p+q+K 维向量,θ'k 为θ'的p+q+1维子向量(ξ'k,γ'T)T.由A.4

及|v2
t|≥1不难得到

sup
θ∈Θμ

|v
∧

-1
t -v~-1

t |=sup
θ∈Θμ

vt(γ􀮨n)-v
∧

t(γ􀮨n)

v
∧

t(γ􀮨n)vt(γ􀮨n)
≤sup

θ∈Θμ
|v
∧

t(γ􀮨n)-vt(γ􀮨n)|≤V
1
2ρt (8)

因此,由式(8)及A.2有

sup
θ∈Θμ

|􀭾R1n(θ)|
|δ| ≤

KMCV
1
2

n ∑
n

t=1
ρtsup

k
sup
θ∈Θμ

􀆟q
∧

t(θ'k)
􀆟θ ≤

KMCV
1
2

n ∑
n

t=1
ρtSt=op(1)

 2)定义

Btk =∫
1

0
[I(ηt ≤ξ*

k +v-1
t dt(θk)s)-I(ηt ≤ξ*

k )]ds
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􀭾Btk =∫
1

0
[I(ηt ≤ξ*

kv
∧

t(γ*)v-1
t +vt

-1d
∧

t(θk)s)-I(ηt ≤ξ*
kv
∧

t(γ*)v-1
t )]ds

由文献[16]有等式

ρτ(x-y)-ρτ(x)=-yψτ(x)+y∫
1

0
[I(x≤ys)-I(x≤0)]ds=

-yψτ(x)+(x-y)[I(0>x>y)-I(0<x<y)] (9)
定义ηtk =ηt-ξ*

k ,对 ∀c>0,ψτ(x)=ψτ(cx)且由式(9)可以得到等式

l
∧

k(θ)-l
∧

k(θ*)=d
∧

t(θk)[-ψτk(ηt-ξ*
kv
∧

t(γ*)v-1
t )+􀭾Btk] (10)

lk(θ)-lk(θ*)=dt(θk)[-ψτk(ηtk)+Btk] (11)

将式(10)和式(11)代入􀭾R2n(θ)有􀭾R2n(θ)=ΔΠ􀮨1(δ)+Π􀮨2(δ)+Π􀮨3(δ)+Π􀮨4(δ),其中

Π􀮨1(δ)=-∑
n

t=1
∑
K

k=1
ωkv

~-1
t [d

∧

t(θk)-dt(θk)]ψτk(ηt-ξ*
kv
∧

t(γ*)v-1
t )

Π􀮨2(δ)=-∑
n

t=1
∑
K

k=1
ωkv

~-1
t dt(θk)[ψτk(ηt-ξ*

kv
∧

t(γ*)v-1
t )-ψτk(ηtk)]

Π􀮨3(δ)=∑
n

t=1
∑
K

k=1
ωkv

~-1
t [d

∧

t(θk)-dt(θk)]􀭾Btk

Π􀮨4(δ)=∑
n

t=1
∑
K

k=1
ωkv

~-1
t dt(θk)[􀭾Btk -Btk]

将式(6)代入Π􀮨1(δ),由A.4及|ψτ(x)|<1有

sup
θ∈Θμ

|Π􀮨1(δ)|
|δ| <

KM
n ∑

n

t=1
sup

k
sup
θ∈Θμ

􀆟q
∧

t(θ'k)
􀆟θ -

􀆟qt(θ'k)
􀆟θ ≤

KM
n ∑

n

t=1
S2

tρt=op(1)

据ψτ(x)的定义对其应用Fubini定理及泰勒展开有

E(ψτk(ηt-ξ*
kv
∧

t(γ*)v-1
t )-ψτk(ηtk)|Ft-1)=f(ξk1)ξ*

kv-1
t [vt-v

∧

t(γ*)]

其中ξk1 介于ξ*
k 和ξ*

k v~tv-1
t 之间.故由假设3、重期望、A.2与A.7及式(6)可得

E sup
θ∈Θμ

|Π􀮨2(δ)|
|δ|

æ

è
ç

ö

ø
÷ ≤

CKM
n ∑

n

t=1
ρtE(St)E(V

1
2)=op(1) (12)

注意到|􀭾Btk|≤2,由此同对Π􀮨1(δ)的讨论类似,可以得到Π􀮨3(δ)=op(|δ|).

最后考虑Π􀮨4(δ).由Fubini定理及泰勒展开有

E(􀭾Btk -Btk|Ft-1)=
1
2vt
[f(ξk2)d

∧

t(θk)-f(ξk3)dt(θk)]

其中ξk2=ξ*
kv
∧

t(γ*)v-1
t +v-1

t d
∧

t(θk)s2 和ξk3=ξ*
k +v-1

t dt(θk)s3,0<s2,s3<s≤1.故由假设3、式(6)
及A.2与A.4可得

E sup
θ∈Θμ

|Π􀮨4(δ)|
|δ|2

æ

è
ç

ö

ø
÷ ≤

MCK
n ∑

n

t=1
ρtE(St)E(S2

t)=op(1)

 引理2 在假设1-3满足的条件下,有

nG􀮨n(θ)-nGn(θ)=op(|δ|+|δ|2)

 证明  引理2的证明同引理1的证明类似

nG􀮨n(θ)-nGn(θ)=-∑
n

t=1
∑
K

k=1
ωk(v

~-1
t -v-1

t )dt(θk)ψτk(ηtk)+∑
n

t=1
∑
K

k=1
ωk(v

~-1
t -v-1

t )dt(θk)Btk =Δ

K1n(δ)+K2n(δ)
据文献[17]定理3.1和式(9)易证K1n(δ)=op(|δ|)与K2n(δ)=op(|δ|2).

引理3 在假设1-3满足的条件下,有
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nGn(θ)=-δTCn +
1
2δ

TDnδ+op(|δ|+|δ|2)

其中

Cn =
1
n∑

n

t=1
∑
K

k=1
ωkv-1

t
􀆟qt(θ*

k )
􀆟θ ψτk(ηtk)   Dn =

f(ξ*
k )

n ∑
n

t=1
∑
K

k=1
ωkv-2

t
􀆟qt(θ*

k )
􀆟θ

􀆟qt(θ*
k )

􀆟θT

 证明  由式(9)有

nGn(θ)=-∑
n

t=1
∑
K

k=1
ωkv-1

t dt(θk)ψτk(ηtk)+∑
n

t=1
∑
K

k=1
ωkv-1

t dt(θk)Btk =ΔR1n(δ)+R2n(δ) (13)

对R1n(δ)泰勒展开:R1n(δ)=-δTCn -δTK3n(θ')δ,其中

K3n(θ')=
1
2n∑

n

t=1
∑
K

k=1
ωkv-1

t
􀆟2qt(θ'k)
􀆟θ􀆟θT ψτk(ηtk)

其中θ'为介于θ* 与θ* +
δ
n

之间的p+q+K 维向量,θ'k 为θ'的p+q+1维子向量(ξ'k,γ'T)T.由文

献[10]A.2及St 为二阶可积广义平稳遍历过程可得 Var(K3n(θ'))→0,因此K3n(θ')=op(1),也即

R1n(δ)= -δTCn +op(|δ|2).
定义Btk =Btk1+Btk2,其中

Btk1=∫
1

0
Iηt ≤ξ*

k +v-1
t

δT

n
􀆟qt(θ*

k )
􀆟θ s

æ

è
ç

ö

ø
÷-I(ηt ≤ξ*

k )
é

ë

ê
ê

ù

û

ú
úds

Btk2=∫
1

0
I(ηt ≤ξ*

k +v-1
t dt(θk)s)-Iηt ≤ξ*

k +v-1
t

δT

n
􀆟qt(θ*

k )
􀆟θ s

æ

è
ç

ö

ø
÷

é

ë

ê
ê

ù

û

ú
úds

对R2n(δ)泰勒展开有R2n(δ)=ΔK4n(δ)+K5n(δ)+K6n(δ)+K7n(δ),其中

K4n(δ)=
1
n
δT∑

n

t=1
∑
K

k=1
ωkv-1

t
􀆟qt(θ*

k )
􀆟θ E(Btk1|Ft-1)

K5n(δ)=
1
n
δT∑

n

t=1
∑
K

k=1
ωkv-1

t
􀆟qt(θ*

k )
􀆟θ

[Btk1-E(Btk1|Ft-1)]

K6n(δ)=
1
n
δT∑

n

t=1
∑
K

k=1
ωkv-1

t
􀆟qt(θ*

k )
􀆟θ Btk2

K7n(δ)=
1
2nδ

T∑
n

t=1
∑
K

k=1
ωkv-1

t
􀆟2qt(θ'k)
􀆟θ􀆟θT Btkδ

对E(Btk1|Ft-1)应用Fubini定理及泰勒展开,则K4n(δ)=
1
2δ

TDnδ+δTΠ1n(δ)δ,其中0<s'<s≤1,

Dn =
f(ξ*

k )
n ∑

n

t=1
∑
K

k=1
ωkvt

-2􀆟qt(θ*
k )

􀆟θ
􀆟qt(θ*

k )
􀆟θT

Π1n(δ)=
1
n∑

n

t=1
∑
K

k=1
ωkv-2

t
􀆟qt(θ*

k )
􀆟θ

􀆟qt(θ*
k )

􀆟θT∫
1

0
f(ξ*

k +v-1
t

δT

n
􀆟qt(θ*

k )
􀆟θ s')-f(ξ*

k )
é

ë

ê
ê

ù

û

ú
úsds

由中值定理、文献[10]A.2及假设3,对 ∀ζ>0

E(sup
|θ-θ*|≤ζ

‖Π1n(δ)‖)≤MKCζ·E sup
k

􀆟qt(θ*
k )

􀆟θ

3
æ

è
ç

ö

ø
÷ (14)

当ζ → 0 时,式 (14)趋 于 0.也 即 对 ∀ε,λ > 0,存 在 ζ0 =ζ0(ε)> 0 使 得 对 ∀n ≥ 1 有

P( sup
|θ-θ*|≤ζ0

‖Π1n(δ)‖ >λ)<
ε
2.当n足够大时,θ-θ* =op(1),因此P(|θ-θ*|>ζ0)<

ε
2.当n

足够大时

P(‖Π1n(δ)‖ >λ)≤P(‖Π1n(δ)‖ >λ,|θ-θ*|≤ζ0)+P(|θ-θ*|>ζ0)≤

P( sup
|θ-θ*|≤ζ0

‖Π1n(δ)‖ >λ)+
ε
2 <ε
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故K4n(δ)=
1
2δ

TDnδ+op(|δ|2).

对K5n(δ)进行放缩后

K5n(δ)≤KM∑
n

t=1
v-1

t sup
k

δT

n
􀆟qt(θ*

k )
􀆟θ

[Btk1-E(Btk1|Ft-1)]

应用文献[15]引理3可得K5n(δ)=op(|δ|+|δ|2).由文献[10]A.2及|Btk2|≤2、|Btk|≤2可分别

得到K6n(δ)=op(|δ|),K7n(δ)=op(|δ|2),由此R2n(δ)=
1
2δTDnδ+op(|δ|+|δ|2).

定理2证明  结合引理1-3和定理1,同文献[15]中定理2的证明类似即可证明该定理.

推论1 在假设1-4满足的条件下,有 n(γ
∧

n -γ*) d
→N(0,U),其中U 为D-1CD-1 的右下角

(p+q)×(p+q)维矩阵:

U=∑
K

i=1∑
K

j=1ωiωj(τi ∧τj -τiτj)ξ*
iξ*

j

(∑
K

k=1ωkf(ξ*
k )ξ*2

k )2
Σ-1

其中Σ=Var
1
vt

􀆟vt

􀆟γ
æ

è
ç

ö

ø
÷ .

注2 令

σ2(ω)=∑
K

i=1∑
K

j=1ωiωj(τi ∧τj -τiτj)ξ*
iξ*

j

(∑
K

k=1ωkf(ξ*
k )ξ*2

k )2

据推论1可知Σ 与权重ω 无关,因此在∑
K

k=1ωk=1及ω >0的条件下,通过极小化σ2(ω)即可得到权重

向量ω 的数值解.
推论1证明  矩阵C 可分为4块分块矩阵

C=
C11 C12

C21 C22

æ

è
ç

ö

ø
÷

其中:C11 为K ×K 维矩阵,其(i,j)元素为ωiωj(τi ∧τj -τiτj);C12 为K ×(p+q)维矩阵,其第i

行向量为∑
K

j=1ωiωj(τi ∧τj -τiτj)ξ*
jE

1
vt

􀆟vt

􀆟γT
æ

è
ç

ö

ø
÷ 且C21=C12

T;C22 为(p+q)×(p+q)维矩阵,C22=

∑
K

i=1∑
K

j=1ωiωj(τi ∧τj -τiτj)ξ*
iξ*

jE
1
v2

t

􀆟vt

􀆟γ
􀆟vt

􀆟γT
æ

è
ç

ö

ø
÷ .

同样可以将矩阵D 分为4块分块矩阵

D=
D11 D12

D21 D22

æ

è
ç

ö

ø
÷

其中:D11 为K ×K 维对角矩阵,其第i个元素为ωif(ξ*
i );D12 为K×(p+q)维矩阵,其第i行向量为

ωif(ξ*
i )ξ*

iE
1
vt

􀆟vt

􀆟γT
æ

è
ç

ö

ø
÷ 且D21=DT

12;D22为(p+q)×(p+q)维矩阵D22=∑
K

k=1
ωkf(ξ*

k )ξ*2
k E 1

v2
t

􀆟vt

􀆟γ
􀆟vt

􀆟γT
æ

è
ç

ö

ø
÷ .

注意到,在假设4及权重向量ω >0的条件下矩阵D,C 均为严格正的可逆矩阵,矩阵D-1CD-1 的右

下块(p+q)×(p+q)维矩阵U 为

U=D-1
22.1D21D-1

11C11D-1
11D12D-1

22.1-D-1
22.1C21D-1

11D12D-1
22.1-D-1

22.1D21D-1
11C12D-1

22.1+D-1
22.1C22D-1

22.1

其中

D22.1=∑
K

k=1
ωkf(ξ*

k )ξk
*2 E 1

v2
t

􀆟vt

􀆟γ
􀆟vt

􀆟γT
æ

è
ç

ö

ø
÷-E 1

vt

􀆟vt

􀆟γ
æ

è
ç

ö

ø
÷E 1

vt

􀆟vt

􀆟γT
æ

è
ç

ö

ø
÷

é

ë
êê

ù

û
úú

D21D-1
11C11D-1

11D12=∑
K

i=1
∑
K

j=1
ωiωj(τi ∧τj -τiτj)ξ*

iξ*
jE

1
vt

􀆟vt

􀆟γ
æ

è
ç

ö

ø
÷E 1

vt

􀆟vt

􀆟γT
æ

è
ç

ö

ø
÷
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D21D-1
11C12=∑

K

i=1
∑
K

j=1
ωiωj(τi ∧τj -τiτj)ξ*

iξ*
jE

1
vt

􀆟vt

􀆟γ
æ

è
ç

ö

ø
÷E 1

vt

􀆟vt

􀆟γT
æ

è
ç

ö

ø
÷

C21D-1
11D12=(D21D-1

11C12)T

经计算可得推论1成立.
1.3 参数估计步骤

将本文提出的BWCQR分为如下6个步骤:

(i)运用式(2)计算出CQR估计θ􀮨n =(ξ􀮨Tn,γ􀮨Tn)T;

(ii)据步骤(i)可计算出条件标准差序列v
∧

t=v
∧

t(γ
~

n),进而计算出扰动序列η
∧

t=
yt

v
∧

t(γ
~

n)
;

(iii)对步骤(ii)中的η
∧

t 采用核光滑估计可以得到其密度函数f(·)的估计;

(iv)计算步骤(ii)中的η
∧

t 的τk 经验分位数ξ􀮨*k ;

(v)据步骤(iii)和(iv)即可确定权重目标函数σ2(ω),由此可解得ω 的非参数数值解ω􀮨;

(vi)将步骤(ii)中v
∧

t 和步骤(v)中ω􀮨 代入式(3)、式(4)及式(5),可得估计θ
∧
1
n,θ

∧
2
n 和θ

∧

n.

2 数值分析

2.1 蒙特卡洛模拟

基于GARCH(1,1)模型

v2
t =1+0.15y2

t-1+0.8v2
t-1

利用蒙特卡洛数值模拟检验本文所提BWCQR方法在有限样本下相较QML,QR和CQR方法的稳健性和有

效性.数值模拟模型参数选取如下:
(i)分别考虑扰动项序列ηt 服从标准正态分布N(0,1),t(5)分布和t(3)分布;
(ii)样本容量分别取n=300,500,1000和1500进行300次重复抽样;
(iii)复合分位数回归模型中K 值取5,9和19,QR估计的风险水平取0.3,0.5和0.7;
(iv)本文采用估计量的偏差(Bias)、标准差(SD)和均方误差(MSE)作为估计的评价标准.

为了方便起见,分别将K 时的θ􀮨n,θ
∧
1
n,θ

∧
2
n 和θ

∧

n 的估计方法记为CQRK,WCQR1K,WCQR2K 和BWCQRK .
表1-3给出了3种分布下的数值模拟结果.

表1 GARCH(1,1)模型的不同估计的比较,ηt~N(0,1)

(α,β)(n=300)

Bias SD MSE

(α,β)(n=500)

Bias SD MSE
QMLE (-0.0069,-0.0170) (0.0645,0.1016) (0.0042,0.0106) (0.0005,-0.0195) (0.0400,0.0612) (0.0016,0.0041)
QR0.3 (-0.0136,-0.0878) (0.1443,0.2446) (0.0210,0.0673) (-0.0240,-0.0726) (0.1046,0.2219) (0.0115,0.0543)
QR0.5 (0.1424,-0.1900) (0.3538,0.3343) (0.1450,0.1475) (0.1647,-0.1818) (0.3574,0.3490) (0.1544,0.1544)
QR0.7 (-0.0190,-0.0979) (0.1274,0.2374) (0.0165,0.0657) (-0.0245,-0.0988) (0.1118,0.2071) (0.0131,0.0525)
CQR5 (-0.0367,-0.0479) (0.0700,0.1634) (0.0062,0.0289) (-0.0287,-0.0380) (0.0553,0.1254) (0.0039,0.0171)
WCQR15 (0.0377,-0.0516) (0.0679,0.1678) (0.0060,0.0307) (-0.0291,-0.0309) (0.0544,0.1090) (0.0038,0.0128)
WCQR25 (-0.0382,-0.0517) (0.0686,0.1576) (0.0062,0.0274) (-0.0266,-0.0279) (0.0551,0.0868) (0.0037,0.0083)
BWCQR5 (-0.0387,-0.0498) (0.0621,0.1138) (0.0061,0.0274) (-0.0256,-0.0289) (0.0554,0.1026) (0.0037,0.0113)
CQR9 (-0.0378,-0.0442) (0.0660,0.1486) (0.0058,0.0240) (-0.0269,-0.0234) (0.0489,0.0861) (0.0031,0.0079)
WCQR19 (-0.0425,-0.0552) (0.0622,0.1627) (0.0057,0.0294) (-0.0284,-0.0263) (0.0484,0.0920) (0.0031,0.0091)
WCQR29 (-0.0384,-0.0392) (0.0661,0.1468) (0.0058,0.0230) (-0.0271,-0.0261) (0.0519,0.0923) (0.0034,0.0092)
BWCQR9 (-0.0387,-0.0313) (0.0635,0.1283) (0.0055,0.0174) (-0.0272,-0.0275) (0.0494,0.0922) (0.0032,0.0092)
CQR19 (-0.0410,-0.0495) (0.0664,0.1593) (0.0061,0.0278) (-0.0254,-0.0268) (0.0483,0.0896) (0.0030,0.0087)
WCQR119 (-0.0383,-0.0365) (0.0594,0.1364) (0.0050,0.0199) (-0.0289,-0.0239) (0.0443,0.0678) (0.0028,0.0052)
WCQR219 (-0.0336,-0.0394) (0.0679,0.1535) (0.0057,0.0250) (-0.0239,-0.0277) (0.0506,0.0992) (0.0031,0.0106)
BWCQR19 (-0.0352,-0.0235) (0.0621,0.1138) (0.0051,0.0135) (-0.0246,-0.0186) (0.0458,0.0745) (0.0027,0.0059)
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  续表

(α,β)(n=1000)

Bias SD MSE

(α,β)(n=1500)

Bias SD MSE
QMLE (-0.0005,-0.0079) (0.0294,0.0415) (0.0009,0.0018) (0.0013,-0.0066) (0.0245,0.0311) (0.0006,0.0010)
QR0.3 (-0.0125,-0.0582) (0.0905,0.1658) (0.0083,0.0308) (-0.0211,-0.0409) (0.0702,0.1478) (0.0054,0.0234)
QR0.5 (0.2072,-0.2207) (0.3720,0.3695) (0.1808,0.1848) (0.1519,-0.1657) (0.3244,0.3358) (0.1280,0.1399)
QR0.7 (-0.0218,-0.0656) (0.0815,0.1632) (0.0071,0.0309) (-0.0121,-0.0625) (0.0749,0.1483) (0.0057,0.0258)
CQR5 (-0.0149,-0.0108) (0.0464,0.0479) (0.0024,0.0024) (-0.0078,-0.0102) (0.0410,0.0451) (0.0017,0.0021)
WCQR15 (-0.0951,-0.0057) (0.1594,0.0782) (0.0343,0.0061) (-0.0065,-0.0088) (0.0411,0.0430) (0.0017,0.0019)
WCQR25 (-0.0151,-0.0108) (0.0432,0.0463) (0.0021,0.0023) (-0.0068,-0.0092) (0.0389,0.0430) (0.0016,0.0019)
BWCQR5 (-0.0657,-0.0019) (0.1411,0.0730) (0.0241,0.0053) (-0.0063,-0.0081) (0.0382,0.0403) (0.0015,0.0017)
CQR9 (-0.0169,-0.0105) (0.0417,0.0445) (0.0020,0.0021) (-0.0083,-0.0087) (0.0384,0.0394) (0.0015,0.0016)
WCQR19 (-0.0900,-0.0050) (0.1456,0.0722) (0.0292,0.0052) (-0.0090,-0.0105) (0.0372,0.0374) (0.0015,0.0015)
WCQR29 (-0.0148,-0.0107) (0.0419,0.0434) (0.0020,0.0020) (-0.0064,-0.0090) (0.0367,0.0388) (0.0014,0.0016)
BWCQR9 (-0.0598,-0.0072) (0.1291,0.0649) (0.0201,0.0042) (-0.0070,-0.0103) (0.0359,0.0361) (0.0013,0.0014)
CQR19 (-0.0144,-0.0145) (0.0440,0.0697) (0.0021,0.0050) (-0.0082,-0.0123) (0.0398,0.0632) (0.0016,0.0041)
WCQR119 (-0.0869,-0.0064) (0.1296,0.0646) (0.0243,0.0042) (-0.0129,-0.0125) (0.0339,0.0384) (0.0013,0.0016)
WCQR219 (-0.0126,-0.0126) (0.0434,0.0558) (0.0020,0.0033) (-0.0039,-0.0139) (0.0417,0.0518) (0.0017,0.0029)
BWCQR19 (-0.0598,-0.0072) (0.1170,0.0592) (0.0172,0.0035) (-0.0100,-0.0117) (0.0322,0.0374) (0.0011,0.0015)

表2 GARCH(1,1)模型的不同估计的比较,ηt~t(5)

(α,β)(n=300)

Bias SD MSE

(α,β)(n=500)

Bias SD MSE
QMLE (-0.0130,-0.0019) (0.1633,0.1933) (0.0081,0.0173) (0.0034,-0.0265) (0.0669,0.1080) (0.0045,0.0123)
QR0.3 (-0.0182,-0.0940) (0.1334,0.2414) (0.0181,0.0669) (-0.0068,-0.0808) (0.1176,0.2106) (0.0138,0.0507)
QR0.5 (0.1657,-0.1774) (0.3463,0.3410) (0.1470,0.1474) (0.1810,-0.2098) (0.3544,0.3514) (0.1579,0.1671)
QR0.7 (-0.0029,-0.1006) (0.1328,0.2323) (0.0176,0.0639) (-0.0167,-0.0944) (0.0995,0.2259) (0.0102,0.0598)
CQR5 (-0.0284,-0.0576) (0.0682,0.1413) (0.0054,0.0232) (-0.0162,-0.0415) (0.0637,0.1077) (0.0043,0.0133)
WCQR15 (-0.0291,-0.0602) (0.0746,0.1449) (0.0064,0.0246) (-0.0175,-0.0380) (0.0625,0.1027) (0.0042,0.0120)
WCQR25 (-0.0290,-0.0515) (0.0676,0.1357) (0.0054,0.0210) (-0.0194,-0.0313) (0.0566,0.0921) (0.0036,0.0094)
BWCQR5 (-0.0292,-0.0567) (0.0662,0.1441) (0.0052,0.0239) (-0.0198,-0.0367) (0.0567,0.1067) (0.0036,0.0127)
CQR9 (-0.0309,-0.0557) (0.0629,0.1469) (0.0049,0.0246) (-0.0188,-0.0352) (0.0582,0.0919) (0.0037,0.0097)
WCQR19 (-0.0340,-0.0511) (0.0634,0.1345) (0.0052,0.0206) (-0.0209,-0.0321) (0.0540,0.0854) (0.0033,0.0083)
WCQR29 (-0.0310,-0.0422) (0.0609,0.1274) (0.0047,0.0180) (-0.0190,-0.0289) (0.0528,0.0795) (0.0031,0.0071)
BWCQR9 (-0.0316,-0.0387) (0.0617,0.1140) (0.0048,0.0145) (-0.0191,-0.0268) (0.0516,0.0735) (0.0030,0.0061)
CQR19 (-0.0313,-0.0551) (0.0599,0.1399) (0.0046,0.0226) (-0.0184,-0.0325) (0.0541,0.0817) (0.0033,0.0077)
WCQR119 (-0.0359,-0.0531) (0.0609,0.1437) (0.0050,0.0234) (-0.0244,-0.0343) (0.0566,0.0911) (0.0038,0.0095)
WCQR219 (-0.0285,-0.0428) (0.0611,0.1169) (0.0045,0.0155) (-0.0146,-0.0279) (0.0545,0.0866) (0.0032,0.0082)
BWCQR19 (-0.0316,-0.0387) (0.0627,0.1196) (0.0049,0.0158) (-0.0224,-0.0256) (0.0510,0.0749) (0.0031,0.0062)

(α,β)(n=1000)

Bias SD MSE

(α,β)(n=1500)

Bias SD MSE
QMLE (0.0019,-0.0131) (0.0970,0.1231) (0.0022,0.0035) (0.0006,-0.0093) (0.0396,0.0504) (0.0016,0.0026)
QR0.3 (-0.0140,-0.0533) (0.0841,0.1648) (0.0073,0.0299) (-0.0099,-0.0559) (0.0743,0.1477) (0.0056,0.0249)
QR0.5 (0.1656,-0.1830) (0.3485,0.3424) (0.1485,0.1503) (0.1562,-0.1708) (0.3373,0.3397) (0.1378,0.1442)
QR0.7 (-0.0165,-0.0908) (0.0814,0.2081) (0.0069,0.0514) (-0.0096,-0.0680) (0.0764,0.1605) (0.0059,0.0303)
CQR5 (-0.0112,-0.0153) (0.0441,0.0658) (0.0021,0.0045) (-0.0091,-0.0123) (0.0397,0.0434) (0.0017,0.0020)
WCQR15 (-0.0111,-0.0141) (0.0436,0.0632) (0.0020,0.0042) (-0.0094,-0.0098) (0.0414,0.0439) (0.0018,0.0020)
WCQR25 (-0.0641,-0.0076) (0.1536,0.0803) (0.0276,0.0065) (-0.0085,-0.0078) (0.0367,0.0387) (0.0014,0.0016)
BWCQR5 (-0.0121,-0.0125) (0.0402,0.0599) (0.0018,0.0037) (-0.0082,-0.0070) (0.0370,0.0383) (0.0014,0.0015)
CQR9 (-0.0123,-0.0128) (0.0422,0.0479) (0.0019,0.0025) (-0.0085,-0.0124) (0.0374,0.0419) (0.0015,0.0019)
WCQR19 (-0.0132,-0.0136) (0.0434,0.0493) (0.0020,0.0026) (-0.0106,-0.0094) (0.0378,0.0426) (0.0015,0.0019)
WCQR29 (-0.0551,-0.0016) (0.1408,0.0766) (0.0228,0.0059) (-0.0080,-0.0070) (0.0346,0.0377) (0.0013,0.0015)
BWCQR9 (-0.0115,-0.0108) (0.0376,0.0414) (0.0017,0.0020) (-0.0099,-0.0083) (0.0341,0.0387) (0.0013,0.0016)
CQR19 (-0.0040,-0.0105) (0.0435,0.0627) (0.0019,0.0040) (-0.0038,-0.0102) (0.0386,0.0519) (0.0015,0.0028)
WCQR119 (-0.0163,-0.0117) (0.0387,0.0437) (0.0018,0.0020) (-0.0143,-0.0115) (0.0361,0.0400) (0.0015,0.0017)
WCQR219 (-0.0490,-0.0001) (0.1291,0.0720) (0.0190,0.0052) (-0.0057,-0.0107) (0.0367,0.0491) (0.0014,0.0025)
BWCQR19 (-0.0132,-0.0128) (0.0376,0.0414) (0.0016,0.0019) (-0.0119,-0.0115) (0.0330,0.0371) (0.0012,0.0015)
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表3 GARCH(1,1)模型的不同估计的比较,ηt~t(3)

(α,β)(n=300)

Bias SD MSE

(α,β)(n=500)

Bias SD MSE
QMLE (-0.0072,0.0086) (0.1633,0.1933) (0.0266,0.0373) (-0.0086,-0.0060) (0.1241,0.1533) (0.0154,0.0235)
QR0.3 (-0.0135,-0.0967) (0.1318,0.2300) (0.0175,0.0621) (-0.0109,-0.0914) (0.1093,0.2338) (0.0120,0.0628)
QR0.5 (0.1456,-0.1747) (0.3334,0.3303) (0.1320,0.1392) (0.1647,-0.1800) (0.3514,0.3450) (0.1502,0.1510)
QR0.7 (0.0016,-0.1164) (0.1384,0.2573) (0.0191,0.0795) (-0.0057,-0.0920) (0.1079,0.2262) (0.0116,0.0595)
CQR5 (-0.0305,-0.0824) (0.0742,0.1715) (0.0064,0.0361) (-0.0175,-0.0402) (0.0593,0.1088) (0.0038,0.0134)
WCQR15 (-0.0317,-0.0843) (0.0767,0.1760) (0.0069,0.0380) (-0.0191,-0.0488) (0.0610,0.1210) (0.0041,0.0170)
WCQR25 (-0.0330,-0.0763) (0.0719,0.1637) (0.0062,0.0325) (-0.0215,-0.0396) (0.0537,0.1000) (0.0033,0.0115)
BWCQR5 (-0.0320,-0.0704) (0.0733,0.1569) (0.0064,0.0295) (-0.0218,-0.0420) (0.0551,0.0974) (0.0035,0.0112)
CQR9 (-0.0323,-0.0726) (0.0684,0.1606) (0.0057,0.0310) (-0.0185,-0.0423) (0.0580,0.1100) (0.0037,0.0138)
WCQR19 (-0.0331,-0.0708) (0.0668,0.1659) (0.0055,0.0324) (-0.0210,-0.0424) (0.0571,0.1046) (0.0037,0.0127)
WCQR29 (-0.0320,-0.0630) (0.0671,0.1465) (0.0055,0.0254) (-0.0215,-0.0453) (0.0542,0.1158) (0.0034,0.0154)
BWCQR9 (-0.0324,-0.0474) (0.0675,0.1217) (0.0056,0.0170) (-0.0203,-0.0372) (0.0535,0.0997) (0.0033,0.0113)
CQR19 (-0.0342,-0.0832) (0.0668,0.1686) (0.0056,0.0352) (-0.0181,-0.0501) (0.0576,0.1332) (0.0036,0.0202)
WCQR119 (-0.0369,-0.0578) (0.0630,0.1384) (0.0053,0.0224) (-0.0236,-0.0447) (0.0565,0.1141) (0.0037,0.0150)
WCQR219 (-0.0306,-0.0528) (0.0661,0.1311) (0.0053,0.0199) (-0.0151,-0.0443) (0.0539,0.1227) (0.0031,0.0170)
BWCQR19 (-0.0321,-0.0390) (0.0638,0.1073) (0.0051,0.0130) (-0.0225,-0.0292) (0.0516,0.0814) (0.0032,0.0075)

(α,β)(n=1000)

Bias SD MSE

(α,β)(n=1500)

Bias SD MSE
QMLE (-0.0070,-0.0168) (0.0970,0.1231) (0.0094,0.0154) (-0.0002,-0.0185) (0.0923,0.1065) (0.0085,0.0116)
QR0.3 (0.0010,-0.0539) (0.0896,0.1613) (0.0080,0.0288) (-0.0062,-0.0673) (0.0712,0.1653) (0.0051,0.0318)
QR0.5 (0.1689,-0.1740) (0.3398,0.3346) (0.1436,0.1419) (0.1716,-0.1752) (0.3344,0.3310) (0.1409,0.1399)
QR0.7 (-0.0093,-0.0809) (0.0857,0.1981) (0.0074,0.0456) (-0.0034,-0.0590) (0.0782,0.1658) (0.0061,0.0309)
CQR5 (-0.0060,-0.0146) (0.0460,0.0545) (0.0021,0.0032) (-0.0027,-0.0142) (0.0399,0.0491) (0.0016,0.0026)
WCQR15 (-0.0077,-0.0173) (0.0473,0.0576) (0.0023,0.0036) (-0.0027,-0.0138) (0.0396,0.0479) (0.0016,0.0025)
WCQR25 (-0.0891,-0.0007) (0.1731,0.0991) (0.0378,0.0098) (-0.0216,-0.0543) (0.0429,0.1567) (0.0060,0.0316)
BWCQR5 (-0.0085,-0.0183) (0.0445,0.0560) (0.0020,0.0035) (-0.0051,-0.0120) (0.0349,0.0430) (0.0012,0.0020)
CQR9 (-0.0068,-0.0192) (0.0430,0.0687) (0.0019,0.0051) (-0.0011,-0.0146) (0.0376,0.0465) (0.0014,0.0024)
WCQR19 (-0.0088,-0.0208) (0.0443,0.0602) (0.0020,0.0040) (-0.0010,-0.0139) (0.0389,0.0473) (0.0015,0.0024)
WCQR29 (-0.0756,-0.0018) (0.1648,0.0891) (0.0328,0.0079) (-0.0303,-0.0420) (0.0431,0.1000) (0.0046,0.0234)
BWCQR9 (-0.0087,-0.0208) (0.0426,0.0556) (0.0019,0.0035) (-0.0039,-0.0155) (0.0345,0.0437) (0.0012,0.0021)
CQR19 (-0.0024,-0.0161) (0.0450,0.0582) (0.0020,0.0036) (0.0053,-0.0094) (0.0373,0.0490) (0.0014,0.0025)
WCQR119 (-0.0108,-0.0191) (0.0433,0.0570) (0.0020,0.0036) (-0.0032,-0.0133) (0.0364,0.0471) (0.0013,0.0024)
WCQR219 (-0.0629,-0.0024) (0.1545,0.0864) (0.0277,0.0074) (-0.0306,-0.0528) (0.0661,0.1311) (0.0053,0.0199)
BWCQR19 (-0.0104,-0.0187) (0.0410,0.0498) (0.0018,0.0028) (-0.0044,-0.0163) (0.0332,0.0434) (0.0011,0.0021)

  分析结果得到:
(i)无论扰动序列的分布如何,对任一估计,随着样本量n 的增大,MSE愈小;
(ii)各类复合分位数估计对K 值的敏感程度不强;
(iii)样本规模n 一定时,K 越大,MSE越小,也即K 取19时各类复合分位数回归估计最优;
(iv)当扰动项服从正态分布时,QMLE最优;
(v)当扰动项服从重尾分布时,总体而言,BWCQR估计明显优于 WCQR1,略优于 WCQR2,且随着

K的增加BWCQR估计的竞争力愈强.
2.2 实证分析

选取上证和沪深300股指作为研究对象,实证区间为2015年1月5日至2021年5月11日,共计1544
个样本数据.记pt 为第t交易日的收盘价,rt 为百倍对数收益率:rt=100×(lnpt-lnpt-1).

表4给出rt 序列的描述性统计分析值.均值大于0,说明股指整体趋势上行,且序列不服从正态分布、

不独立同分布.综上所述,足以表明rt 序列具有典型的高峰厚尾特征.Ljung-Box检验Q统计量和ADF检

验表明序列具有明显的长记忆性且平稳.
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表4 股指收益率序列描述性统计信息

均值 中位数 标准差 偏度 峰度 Q(10) J B A
上证 0.002 0.069 1.457 -1.174 7.120 0.000*** 0.000*** 0.000*** 0.000***

沪深 0.002 0.073 1.530 -0.991 6.069 0.000*** 0.000*** 0.000*** 0.000***

  注:*,**,***分别表示在10%,5%,1%的水平下显著.其中Q 统计量(Q(10))、J-B统计量(J)、BDS统计量(B),
及ADF统计量(A)分别检验时间序列的自相关性、正态分布、独立性以及平稳性.

本文选用GARCH(1,1)对该时间序列进行建模分析,采用向前一步滚动窗口预测方法,并将2015年

1月5日至2020年1月23日作为初始滚动窗口.本文对rt 分别采用QMLE,MLE-t和BWCQR19进行拟

合,对应标准化残差序列的ARCH-LM检验通过率列于表5.表5结果符合数值模拟结论,BWCQR估计

明显优于QMLE和 MLE-t.
表5 标准化残差序列的ARCH-LM检验通过率

估计方法 QMLE MLE-t BWCQR19
上证通过率 0.00 33.76 75.32
沪深通过率 0.00 25.44 61.73

  注:通过率的计算基于5%的显著性水平.
进一步,上证指数全序列和沪深300股指全序列在BWCQR估计下的标准化残差序列的自相关(ACF)

图和偏自相关(PACF)图,如图1,2所示,可见BWCQR估计下股指的标准化残差序列是白噪声序列,这

再次验证了BWCQR估计的优良性.

图1 BWCQR估计下上证股指标准化残差序列

图2 BWCQR估计下沪深股指标准化残差序列

3 结语

本文提出了GARCH模型的BWCQR估计并探究其大样本性质.数值模拟结果显示:当扰动项序列服

从正态分布时,QML估计略优于BWCQR估计;当扰动项序列服从厚尾分布时,BWCQR估计明显优于

传统估计.我们将提出的BWCQR拟合分析上证和沪深股指波动系统,结果表明BWCQR估计能更为合理

有效地刻画股指时序的波动规律.
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