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Finite Groups with Some CSS-Subgroups

DIAO Qianyu, LIU Jianjun

School of Mathematics and Statistics , Southwest University , Chongqing 400715, China

Abstract: Let H be a subgroup of a finite group G. H is called a CSS-subgroup of G if there exists a nor-
mal subgroup K of G such that G=HK and H (1K is a SS-quasinormal subgroup. In this paper, we in-
vestigate the structure of G by supposing that some maximal subgroups of the Sylow subgroups of G are
CSS-subgroups or S-quasinormally embedded subgroups., and obtain some sufficient conditions for a finite
group to be p-supersolvable or p-nilpotent, generalizing some known results.
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ARSI B R REE A BRAE . TR R TEFIAT S ER R bR ME R WL SCERL L D ik 0y SCIE R DL [
B FRER A BREE RS54 . — B REFEF R M E BB 2 —, JFHE A L4 HE. msem2-11]. & H
KFBRBE G B —AF 8, R H MG WTA Sylow FREAT &, BIXER G B Sylow F#F S 1 HS =SH,
MFEH RGBS BOEM TR fERIER B, SCEk(6] 5IA T S- UEM R A FREMMES . 8 H HG —
ANFRE. W H A Sylow TREARE G MHEASS- BUEM FHEH Sylow 78, WA H A G 1 S- #LEM
A THE. SCERL6 ] IEW] T2 2R G B8 Sylow FREITA MR FHEERE G 19 S- IEM A T/, W G
JEAB T ARRE. BEJ . SCHRL7 R IZE5 e B TRER. STIRESI A T SS- MIEM TR E XL : B H NG 1Y
— TR, MREHFAEG W FREB., 1S G=HB. H H 5B §%1 Sylow F#E S #n] B, WK H G K

O R HEM. 2022-01-04
REUWH. EBRAARBAESTE (11971391 5 o @ A AR 55 9% 3 H (XDJK2020B052).
fEHFIN: AR, BER A, FENFEFLN .
EAEEE . XIEZE, BIHE.
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SS- WIF ML TRE. VER#E—BHE, SCHR[9] 91 AT CSS- TREMME S % H NG BW— DT, MRHEG
FIERMFHE K, fiff G=HK., H. H N K j2G W SS- #LEH TR, WA H NG B CSS- F#E. 1 X~
&, SCHRL9-11] WF5E T Sylow FREAFTA WK FRELL X G BB /N FREXTBESS M A2 mR. SClk[12] 2 X T
Wd K p- BEP W E/NEROTAE, M, (P)={P,, =, P,} N P WK TEMES. H}_fj} P, =o(P), }
H @(P) i P 1Y Frattini T Bf.

AR My, (P TICHR G B CSS- FRESGE S- IEM R A T8, B G 451,

I 1 BU NG IS MIEMBA TR, H<G. K NG WIEMFH, .

(D MRU<H, AU RH WS- BUER A TR

(i) UK J&G ) S- #IEMEA 78, HUK/K J&G/K 9 S- #lIE# ik A TR,

518 2" ¥ H WG W CSS- 7, .

(D) WHR H<M<G. B4 HAM W CSS- FE;

(D B NLG HN < H, Wl H}ZG W CSS- TRYSHAY H/N 2 G/N 1 CSS- T#f;

(i) W WEBES. N WG WIERL- F#, MR H NG Wr 78, W HN/N ZG/N CSS- IE
LT HE.

SIEE 3% Wp WEE, PG —4p- FHE WR P ZEG WSS HLUEM TR, W P 5G M4 Sylow
- TR B, H g+~ p.

SIIE 4 W N NEGH—PIEMFREN # D, WE NN &G)=1, W N § Fitting F# F(N) &
G MALETE F(N) BN IE BT AL

EE1 &pH|IG|IWERHT, PAHG M Sylow p- TRE MR G Jyp- ATERE, H AL E R A4, (P) H
RN TGRE G 1 CSS- THES S- BUER R A THE, W G 4 p- H] i .

iE BIER 1 AL, Bk G /NG AL 1%

My (P)={P,, ==, Py}

AT T 5025 BRAE B e B 1

FH1 0,G)=1.

% O, (G) # 1. T PO, (G)/0,(G) & G/O,(G) B Sylow p- TR, IFH

PO, (G)/O,(G) =P
P 0t mT 75
My (PO, (GO, (G))={P,0,(G)/O,(G), =+, P,0,(GC)/O,(G)}

HEIE 2 FMBIE1H, P.O,(G)/0,(G)G=1,.d) & G/O,(G) K CSS- TR S PFMREAT
B, NI G/O, (G W BB, h G W/NMERIG /O, (G) H p- BATREE, G Ny p- BT RE, 75,

FH2 OP); =1, Ml O,(G) R FE AT

ik (P, #= 1,

My (P/D(P)s) ={P,/D(P)y, +++, P, /O(P)s}

HEIE 2 MBI H 1. P,/O(P)s(G =1,.d) J& G/O(P); W) CSS- FHEoL S- #LIE Btk A FH#E. MM
G/D(P), R EHEAM, B G MW/ANMERIG/O(P): N p- BATEE. B G/D(G) N p- BRI AR, TG
Hop- RATERE . F)E.

T3 AMUTTEO,G) FIY G BIN/NER T RS p B 63 RE.

AR L KGN p- WEREAIO, (G) > 1 AEH G BH/NEMFREN AN <O, (G). RN <o (P),
ML 2 AN <OP)= 1, FJF. ikl N LO(P). Rljix NP, € M,(P). 45 N, = NP, N
IN:N,|[=|N:NNOP, |=| NP, :P, |=p

WRIERBL. Py b G B CSS- FRESS- BUEMEA TRE. FRATBS N 2 p BHIGHRE.
W1 #HPEGHCSS F#f, WHEEGHWIERTFHFK, #i13G=P, K. HP, N K &G SS-#
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IERCFHE. B N B/MES N N K =1,N.
WHRNNK =1, W NK/K 2&G/K M/NERF#. BT
G/K=P,K/K>=P,/P, N K
g op- BE, TR N = NK/K N p BWIEHEE.
MENNONK=N, I N<K, Nl
PNK=NP, NK=N(P, NK)
& K 19 Sylow p- 78 & K, N K ¥ Sylow ¢- 8, Hh g # p, W K, 172G 19 Sylow ¢- F#. BT
3 H
(P, NK)K,=K, (P, N K)<G
TR
N, =NN(P NK)=NN (P, NKK,LdP, N KK,
2P BR 2 F. N RAZHitE, i N AN
N, <N, (P, NK)K,: q € (G g # p>=K
5y Al
N, =N (N P, 4P,
Jit A
N.dP.K =G
BN M/ NMER N, =1, H N R p BriasrfE.
WH 2 AP JEGIS BUEMEA TR, WEEG B S- BIER 78 H, 15 P, J& H 19 Sylow p-
THE. TRME—Q € Syl, (G, Hh g p, H HQ=QH, fIl HQ J&£ G W— T #E.
N, =N NP, =N N HQJHQ
HP W2 /15 N Rl sciest, Wi N, <IN, T2
N, <N, HQ: Q € Syl,(G), ¢ # p)> =G
N BB/NMER N, =1, H N N p B 9GERHEE.
T4 N RGN,
AR 1, 0 2 R mnrfg
Ce(0,(G))=0,(G)
R G WM ERTFREN, fiifg
N<0,G) NG
ML B 2 AP PR 3 A, N 7 P g b, R4 SCHRC14] WP 17. 4, BRI N £EG PAH M. XH N <
(G, L G=NM=M, FJF. T2
0,G) NOG) =1
TRl 5 HE 4 A
0,(G)=N,; X N, X XN,
Hi N, HGWMB/NEM TR, HIN, [=pG=1,,r). HG/Cs(N,) < Aut(N,) H, G/C;(N,) H p-
T A WK
G/0,(G)=G/Cx(0,(G)) :G/[hl Cio (N
N op- BAREREE, TR G N p- MATRRE, TS,
E1 OEEM P, BIECG & p- W RO ML A, BLG =A,, p=5. W G A4 Sylow
5- TREMIMOR TREAS AN CHE, WARIE G B CSS- THE, W2 S- MIEMMA THE. B2 G A 5- Ml
it BE.
Wit1 Ep NG| WE—ZRET. P NG K Sylow p- TRE. WH G Al fiE, BEEEMN A, (P)
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R TCIE G 1 CSS- FRESS- BLEM A F#E, W G &8 nl i .

FE2 WpHNI|G|IWRRTFHp BaAREE, P HG M Sylow p- FH#E. BRI N (P) & p- HEHH
SEE W My, (P PR TERE G 1 CSS- TR S- BUEMER A THE, W G p- TR,

iE BBER 2 48R oL . Hik G oA/NEY B 3

My(P)={P,, =, Py}
A4 T 5025 BRAE B 2

FH1L 0,(G)=1.

HEH ) B 1.

T2 HEP<H<G, WHZRp BER.

KA N (P) & p- WER, HNyg(P)<NG(P), IiLL Ny (P) J& p- TERE. R4S 3 2 f5# 1 A,
P, =1,,d) J& H [ CSS- ¥ S- #LIER A THE. B H i 22 B 2 9 & F. B G /e, H 2
p- WERE.

FH®3 G=PQ., HH QHG M Sylow ¢- FHE, g # p.

RN P B ARAEF#E T, No(T) #2& p- BEMN. B P < No(T). T£

No(T)=P XO,(Ns(T)
 T<ANG(T)
O, (Ns(T)) < Ci;(T)
JITLL N (T)/Co(T) 5 p- R 4R SCHRLLIS] H G Ry p- BERE, TG, WUAFEAE P AR JURHAE T8 T,
N (T) 23k p- TEM. W T, 15 T MRS R. WNiixt TAEEHE T <K <P P WFHEFH#F
K. N (K) #42& p- BER. B TING(P), N
Ng(P) < N, (T)
B N (T) Z3E p- BERE, WHPE 2 0/, No(T) =G, Bl TG, 22X T2
14T<0,(G)<<K<P
P B R E 7R K. No(K) # 2 p & F M. 8 No(K)/Co(K) 2 p- H#F, M
Neio, (K/O,(G))/Coio,w (K/O,(G)) W p- BE. FRAARIESCHR(15] AT A, G/O,(G) & p- FEW,
MM G J2& p- v, thSCERC16] M BE 6. 3.5 81, XHMER g € n(G)y g # p» FF7E G I Sylow ¢- T Q.
ffifd PQ < G. # PQ < G, WHLHE 2 A PQ J& p- HEM, TR
Q< Cu(0,(GN
MHG Hp- AIfgRHEH O, (G) =1, T/
Co(0,(G)) <0,(G)
X, WG =PQ.

TB A N RBIRLETE.

HABRLIMPEIHO,(G) > 1. ENHNGCHE-EBEEO, (G BHHF/NERTFH. & N <oP),
W N <@G). Gkt G/N i 2 2 4, Wil G WB/NER, G/N S p- TERE. G R p- 7
ERE, FIE. TENLOP). Ak NLP,, Bl P=NP,. [{E® 1IN N p HWIGFHREE. LI N 7EP
Hg b, ARPESCERL 14 e B 17, 4 AT, NFEG AR, BIFEEM <G, iR G=N X M. B N Lo (G).
[0

0,G) NOG) =1
TR g3 4 A
0,(G)=N,; X N, X - xXN,
Hrp N, G B NERF#E, B
| N, |=p i=1,r
TR
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NI}

P<C(;(N,‘) i:1""’7’

P <1 Ca(N) =Ci(0,(G) < 0,(G) < P

P =0,G), \iii G=Ns(P) N p- BEEE, TIH.
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