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Two Types of Closed Convex Hypersurfaces with
Constant Cross-sectional Curvature for the Central Affine Metric
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Mathematical Sciences Research Center , Chongqing University of Technology s Chongging 400054 , China

Abstract: This paper focuses on the LLaugwitz conjecture for Minkowski spaces. Firstly, a direct description
of the central affine geometry of a parametric hypersurface is given, based on which the relationship
between the Riemannian geometry of Minkowski space and its central affine geometry of a unit hyper-
sphere is inscribed, and the Laugwitz conjecture is equivalently described as a rigid problem where the cur-
vature of the central affine geometry section of a closed convex hypersurface is constant and must be ellip-
soidal. The connection between the central affine geometry of a hypersurface and the Euclidean geometry is
then established, and it is shown that the n + 1-affine surface area of a convex hypersurface in Euclidean
space is the central affine volume of the hypersurface. Furthermore, a new proof of Schneider’s theorem is
given by using the isoperimetric inequality about the affine surface area and the geometric conditions for
obtaining the equal sign. At last, the expression of Laplace with Simon 3-form module length under the
condition of constant section curvature is studied. By using the maximum principle, it is proved that a

closed convex hypersurface with constant section curvature and parallel traceless Tchebychev operator has
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a vanishing Simon 3-form. Then, according to the structural equation, it is proved that the hypersurface is
an ellipsoid whose center is at the origin.
Key words: Laugwitz conjecture; central affine geometric isoperimetric inequality; Tchebychev operator;

ellipsoidal surface; sectional curvature

A ICHTE 9 Minkowski 2581 (V. F) . AT LA BADEHEEF B n + 1 4ELRMESEE V, Hipn =2,
B R s BB AT IE SRR, Finlser 3WiE A U125 [B] 258 Minkowski Z5 (8], H T Minkowski 7 [A] J& A # %S [6]
() H AR, L Finsler JE AT LUK R 2 B0 — R AL IR A9 B 2 2. Minkowski %5 i) V, =V\ {0} |

SUR LR B Hessian MBI ¢ = DA[F*],
SCHRTS T et T A Laugwitz S50 » AR 2B IR (V, . &) B3k h 0. IB4 F° 0 — Wk £

. SCHRL4 ] fEMR I F A 400 50 PRI 5500 T i 3 Br T Bk T Laugwitz 55 . SCHERLS ] R FH LA J7
. MM Blaschke-Santalo A% 20K SCHR 4] M 45 AT 2 T F A9 507 BR (0 510 78 ST 115 T .

FeATE JEUE B B B (V. @) Bl 363K i 0 % M T Minkowski 25 6] (V. F) HUALER T 900 0 5T 1
b HAE B MR 1R, F? o R EHAEN TV, F) AR AR, T2 Laugwitz 1§
DU ) A AN T 2R« A R A A P 0 1% PAT o 7 gt e %) v 0 S o ELA B R 1, DUz ol e Ok R ek
FEMCIERE 1o R 05 945 R 8 20, AR SCZh H SCRS ] i 25 3 ) — S B iiE B,

EE 17 Minkowski 28 [A] (V' F) B 8K HZE 005 565 B 5T 04 7R B () 48 5500 B o D TG 2K 1o 174 R AR
A, JF B F LBk EOAE R A, B4 F* o ik 2 uis.

X T o A OO SHE R SR SRR V., E X S*ﬁ/;iﬁé:*%Vh. DOF 1 C =0 19 4

WM, 3 BR C TR h B FEN Tchebychev B3, o fE T. JCAH 8 1 55 T Bk W

Tchebychev [\ 537, X It 76 PIER 09 P ™ 88 #H 17T » Blaschke-Deicke %2 3% BH %:O WA é’:O. SCHkL9]
TERIFFE Fr a0 005 568 8 o T 1) A U A3 It 5 S 7= T g A T B 0 005 3 Tehe bycehey 3 Gl O 4 iR IR

"), IR H Z%tr T Sy s i TET A O S 2l AR SRR T P Y AT o ol TR AR S R H

SCHRL9 ] TR R 1 328 il 1o D M sk . A D HE T T 0, A0 2R e ARAE AR Y P B TET A Tchebychev [m) 437
Killing [+ 37 . Wik iy i A HER 1. SCRRE10 ] IEMT T _EIR 45 R X T Tehebychev [ 38 3 8 L 7] 18 37 14

WAL, X T=V"T—H - id HE T THTB 5> . BN Tk Tehebychev 87, IB4 T HILH
24 BALY 7= 0. F& A1 (8 SR E ] T A0 R 455

FE2 Minkowski Z5[A(V, F) A BRI b0 07 5B B 3 A M9 B V" 7=0, FB24 F? Bk
10 .

BRI 7 5 Scik [ 117 B 77 MR . BB 255 Simon 3 - TE3% € WBIKE 716 Laplace. P
TR 22 I s A A A T o B TR AT % B ML AT E % Riced MR A0 F A 2, A ERISE
UM AE BB REZE I AR, AN, Sl VT =0 (LA S R A 2 I R (A AT AR, T
Laugwitz 550 (0 5F 55tk 3 A7 40 1. 33 3 1) 500 14 BF 55 J2 0 560k 3 LT 0 22 0 3 80, Scik[12] B9 7 247
Simon 3 —FF 2 10 3 ™ AR Yo 8 1 TR 50 432K 1 B, 2R SR BB A AT LS L SCHiR 6.

1 Minkowski T BB L&

1.1 Minkowski == E 152 2 JL{A
A3CH, Minkowski 2% [B] 38 B A i AY5E ™ Minkowski {80 F i n + 1 ESCm & %5 E V., H n = 2.



% 3 4 FW, F. POHHESHRELAFTAGE EGRLAR Y G 33

HorpMinkowski %0 F $8 BV —— [0, + o), i /2 .
(D IEWPE: FAEV B#ESE, £V, =V\{0} FX#H;
() IEFF IR
FQv) =AF (») Ya>0
GiD) 3N M FEEEFME y # 0,
1 o'F? 1,
2 oy’ oy’ 2

A
g, (x,y)=

Ve, EMRSEw § :«é;. (x, y)dy @dy’ BIKZ Hessian B B8 . 7F Finsler JLfif F138 % & ¥ Cantan

J

A
F o8,
Ai,‘/» =5 /»/
. e A - N ~ = N N
Hessian & g WL ZES Cantan E L RN
bo(og  og. o8
i " s ks k 1 ng 1.,
jk :gZ( ; /, - ‘]:]:Fg A.le: :fA]k
oy Qy oy

WA Hessian JL B4R ESS HE AT g 19 Riemann f R 3Kt Wy

iy 1 s i soai
R :F(AIJ&A.\/iAﬂAw) (L

jkl

K F Hessian WL B A TR AW 5T AT #E— 2 0L Scmk[13].
1.2 Minkowski Z 8] B B2 {iL Bk T A9 0 175 5 LA
B R, A FEFE Minkowski 23 8] (V. F) 857 3K 1
I, ={v€eV|Fl =1}

WRLERT 1, RS WGV, . @) o h T JL AT A8 7T 2 U0 SCHRL 1. 7% SO A bt 037 56 JLAT 1 00 £
FEMA BRI 1. $E52 b, BARIERTE 1, B3 P AR LA 2 58 42 40 R 9.

T A 2 T A PP S LA S AL S b S A ) el 3B Ak i B O 7 S L AR R AR X
A JUART (8 — AR B T o 6 T X M4 TLART £ B0 3 W7 2 L STk [ 6- 8 ). TR A0 A 2 50 £ 8 o TAT 1 £ 8 2 11
H 7 S5 TLAT By — ol i

WfU—>R"" WA, Hrb U R R PREBITR. B2 M= Q) %A R Ak A
A M AR, B EA P OEMBFEFHGL (i +1; B RAEREEERh, B OHSER, f(p) €M

ﬁmwémnWMngl,~u;ﬂ |, S5 AN RS £ 55 M LIS
of | L of|
{axl p’ ’ " p’ f(p)} (2)
LR p € U ik R —4 . S ¥ Hessian BAH AT 43 .
of . of

. - =T — —h. (3)
ox ' ox’ v oox! 2

ﬁviaf:ﬂzf
o’ dx’ 7 ox”
T AR RE R A, TAT R b R EE . 5 T Rk B GL G+ 15 R) A
XFO7FE(3) P Bk — k5, v 15
; or: of 2 f oh
,af E ;] i Fij a/fk_ ijf_hii afﬁ:
ox'ox’ ox ox" ox ox' ox ox 7 ox"

WV AETM ESE LT — AR SRS, S5, h=h dx' @ dx’ FETM FE X




34 HE R FFROERHFFIR) http://xbbjb. swu. edu. cn % 48 K

orx, of (oh,
[ — +I,T, —hua;j e (axk +h,,{1“fj)f (4)
R 4
of  _  adf
ox'ox’ox"  ox'ox'ox’
DL K 7l R E X
or' , or' ,
I
X axk ax/ X ax/ ax” X X X ’
M =, Fefi1155)
R, =h 5, —h,0 (5)

é\é:—%w, 218 R 2 T

ah: 1 1
—2C,, =—~2 —hn,I, —h,UI

oxt il jr Gt ik (6)
A
HOUEW C 22X R0, 3) Tk,
L C=v — V", Job V' R h Y Levi-Civita 9%, JI I ig V" BOBE4 B8 L
Cf/ :F’;*fé (D
W V' =0. ) XA
i ! g} ! ! / ahzk
hMCU :hMI'U —huF” :huF” JrhI[I'kj —thkj — o
’ X
s 6) K, AT %
L . oh, ! ro
hk[Cij +hi/ij - i _hlzlrif _h[[ij _Zcf’kj (3
ox J
R, FRAT145 2
__ 1.4
C= 2h Vh
o (7 RESEFBL V V" BHR 2 E R R
R:&j :IE:M +C:'jc.[w 7C;/3C./\»J +C:j.k 7Ci}c.j (9
BeAE R FR V" MR, €, #5 VIC WRRL MG A0 K, Tl TR LS 5
C/ik.,j 7C/ij.lu :ﬁi//«j +C:'jcw 7C:’/«C.\]1 +hikhj/ 7hijhkl (10)
FPE K X AR, (10 XEM T T MR
CM']. _Cw.k =0 (1)
Fn
ﬁi[kj _’_C;ka/ 7Cj/zCAj/ +h’1khj/ 7hijhkl =0 (12)
XE D AC12) w X ED Sy i b 45 55 LA A 2548 5 R
A
B4k, Tchebychev JEZL T & XN 3 —TE )5k
A
T:itrc (13)
n

T 6 F b BB RS T Bl Tehebychev [ 5.
FE G 1 4 T Minkowski 25 (V.. F) 9 JLATHE 5 08K 1, 19040 0 5 LTt 2 1o 100G 5.
S 1Y X T Minkowski %1 (V. F) o i T, ——VRBAIRIE L, B HABS. WDy € 1,



% 3 4 FW, F. POHHESHRELAFTAGE EGRLAR Y G 35

MREEy=—v e TVURY=—dF € T, V, B2{Y, y} HH T I, Lo fhitki. t—2, o
15 5 B 1 A 3 I 2 2
h=i'g C——i'A (14)
WHESIH 1, AT T g .

382 XL Minkowski 25 il (V, F), BEWIE(V, , g) W32 B ALY T, (b 007 511 2 Bf
T R 1

i RERRIL YV, &) IFKENRIE () LU 3K Carten HEI9X R, TR = 0,
4
C;kcle 7C;ic«\'ﬂ'l =0
fE T, bR, AR Q12> RATALL 1, 65 (7 0 3K R
IN{' i :7hikh'jl +huh'\"

RV T, B b 5 B B A o il R 1. 7‘:7'%, Hq i # Cartan 5KEWFF M bR IR S >k BT 45
H 7 o3 P AR B

WIGGIHE 2 W51, Laugwitz & F Minkowski 55 [6] A5 050 RT 45 A 75 Ak A A o™ A8 il 1T ) PfE — 12k [ R

2 PO EEEARERKKEFRAECERE WA DBHE

RATEAE n + 1 gegebbas 8] vV ERHIn—ASBREC PR oL ST VR i R T, R ATTRE P R P L
fap ok Kos L A SHUM . 4 D 2 — s A E NN, RBGAAR M =0D S, 5 M AYRR RSN )
WA E. A LRI A58 MBS —FE AR & VORE A | 1Y Levi-Civita B4, £
w () TRFE—FEAER T FTHRERBIC. 2 o) =, —EW)) A M KT RE. M i Guass f 4G F
Fon

7det]]
=11 (15)
Sl 3 M A0S kTR RR G L = 3R s N
h:l (16)
[0
O SRR h AR FIC 0 (h) AT RIR A
K
w(h) = [ﬁzj pw (1) an
Tchebychev FE '}Zdr, HA ¢ B Tchebychev R %k
1, (e
= ann[ K ] (18)
7B BR 4 SRR IRER S V° RN
V=V'+(E+p wIl (19
HL BT 3 Bt C TSR W
é:—%[veﬂgﬂﬂwuyﬁ hH (20)
iE 4 X.YANM FHEAMEY. IRAH
VY=V Y+hX, V() =VY+ (X, Y)E 21

b VLY RS Y X PG VRS S SN R VY T o 0 S kA R 4

TSR VY X TRRICER ﬁj\ﬁ’q’:
HE X2l Wik,



36 HE R FFROERHFFIR) http://xbbjb. swu. edu. cn % 48 K

<V7 _é(V)>h(Xs Y) = H (X’ Y)
BRI Q6 XL #E—2. RIEA5 M6 X, il

K K
w(h)[g,,] w(I)(p”H] ow (1)
A (17) KT,

ATV _E o ABUE S A AEBUCIEAE Dets M L PO 05 I AE A Det S AAERUC o 1TRIR N
w=Det(+, —v) =Det(+, (—v, §)&) =pw (1) (22)

A
i1 T Tchebychey B3t T —de . ifi © — —In LA A2 RAEA8) 2

AN, | (16) F1(18) X% 515
V=V"+&+p'ml
PR (19) sz, (200 2 (19) XF6) KXy HHEHE .
IR X RSN, T AN G SR I R D, 25 D O EOFE RS B M =0D [TE L
15 555 8 8T 1 AR AR Sy Ti) 4 5 R B R T ) AR AR, B M kg R R T
iE MRAESCHRLIS], D Bn + 1 7 RS

K \*
Q”H(D):J [U”Hj w1 )dM
M

m (17 XA, Q) (D)—J w (W) dM 1EJ&E M 78 O 5 B 2 T AR AR
T e i 7 N W] <

()
w (h)

J w(h)dM < o,

Horf o, NEREZSE R FARMERRTT S” AR, 5 724 HALY D 2 o7 S Bk, 2 B 17 FHIE.
ﬂ%ﬂ%’%l@ TAIEIERE 1 58 1 4.
EHE 1 RTE A T, 7 555 B AR % SAE Laugwitz 55 W A 0F 58 A3 B2 28 S, Qnal 345 50 m— i 1 JL
] AN 2 R — A IR AR 9 A IR, X TR A AR 9 IR AR £, Ho il SR R AR A R ke

3 EFEHEMEREITIIE Tchebychev EF /YA M 48

WM AR Ry ARBE T, TR M RO SRR e, . ey e, ) AN TR B R )RR
ZIEFR A, HOGHH FR 2R %ﬁ o', -, 0"}

TERRS (0", -, 0" ) T, Bl M a5 (12) AIRR R
R, -Cc,c,6 —cC,C,—(8,6,-805,) (23)
HEhm M B Simon 3 ﬁ/itCﬂinfl 3 -JE C BT Sy
c,=C, — n+2(Té‘ + T8, +T,0,) (24)
/\l:,j
R, =hRe,.e)e, ,e) C, =h(Cee,, e) T,=h(T.e,)

B M 04 5t Tehebychev $F 5 XN 7= V"T, il Tchebychev 557 & XA 7 i1 JC 35 #6 43

1
=7 — —tr J e« id.
n

B34 HMBIR hpdr Bl . M b oD B E R L B EE IR >0, HEA P

47T Tchebychev 8T V" 7=0, IF4

1 - - 2
?A” lcll®=[V'"Cl*+hm+De- C|* (25)

Wi



% 3 4 FW, F. POHHESHRELAFTAGE EGRLAR Y G 37

Hopr A" RSB b 451 Laplace 577
W EHEITE
1

Salelt =19l + Xe,a'c, (26)
ijk

Horp Ahékij = Z(EM_” 4 Simon 3 B Laplace. 75T T A9 15 b JATTHE 4 WS OR AT 5 . S 4805 BOA

WA LD H24) UL, (RIS G HBR A T . A

C}:(jy/ 7 Cl:i/.,j = 7$(§mau =+ ?71'18&/ - 77@6,‘/ 7 i’jam) 27
Hi Ricei 18 % 2 A 1
Clu'j.z.s 7Clsij..\1 :C/)ijtu _‘_Ckij:'.\ —f—C,”./)be :Cpink/u.\ _’_Ckij[/)Ls +Ckipij1.\ (28)

H(27) #1(28) XA RMB I V" T=0, RATH

g o o 7 _
Ckij.// :Cki/.jz 771 + Z(Jk/./aij + Jii./akj - Q/kj-lail T ij./6k1> 7
Ckz/.z_/ + (C/)ilec/)_jl +Ck/)1Rzp;z + Clu/;Rz/)_u) =
tht.ij + (Cpisz/;jr +Ckszipjz + Cki[)RI/)jt) -
C/)ilez/:jr + Ck/)rRipjz + CkipRl/)jr (29>
R h BA B >0, Ba
R, =c(50,8, —6,5,) (30)

1 (26),27) Ff28) &KX, [15
1 ~ ~ -~ -
A lcll'=1v'el+c,C,, . =

2 kij o1t

H th H ’ +Ckij (C,R +Ck/nRi/;jz +Cki/)R ) =

pit™ " kpjt tpjt

5 —8.6 )+C

17”4 o€, [C,, (8,8, —8,0,) +C,, (3,5, —8,8,) +C,, 5,8, —8,,)]=

w pj 1o pt

| V'Cll ttDe- Cl?
it (25) RARIIE.
2 XF R AR A P R M. R MR O D R B R R e >0, R
HA VAT Tehebychey BT V" T=0, R4 M 0785 5 A ER T
iE ORI 4 AT EHR A
1

o= L] A lclram=[ (19" + Gt e [Cl lam
M M

B | Cl?=0. i (24) saTf

2 ) 3n P
lcl*=1lcl —n+2|\TH =0 (31)

AR F 48 T SR ) AR (30) SURNZE A4 5 RE (23) X, ml A

(c— 15,8, —8,0,)=C,C, —C,C, (32)
i (32) =, 1%

nn—DG—D=|cl|’=n*lT|"’ (33)
gE4 (31) FI(33) X, w4

pt— e — 1) =T =2 gy

n—+2



38

BHIFERFFROARAF RO http://xbbjb. swu. edu. cn % 48 K

FRUL [T 12 s BT =Y"c, i M 2B, & T BAEZS. LT =0. #4E Blaschke-Deicke 5
PR E T 27 T,

[FIRE, ARSI 1 AT E B 2 S5 B 20 AR

S 23K

[1] BAODDW, CHEM S S, SHEN Z. An Introduction to Riemann-Finsler Geometry [ M]. New-York: Springer, 1991.

(2] WR&E S, BRdedE. S Lok [MDL 2 i JBaT. JERtR~g i, 2001,

[3] LAUGWITZ D. Differential Geometrie in Vektorraumen, Unter Besonderer Beriicksichtigung Der Unendlichdimensionalen
Riaume [ M]. Braunschweig: Friedr Vieweg & Sohn, 1965.

[4] BRICKELL F. A Theorem on Homogeneous Functions [ J]. Journal of London Mathematics, 1967, 42: 325-329.

[5] SCHNEIDER R. Uber die Finslerraume Mit S, u =0 [J]. Mathematische Zeitschrift, 1967, 102: 1-8.

[6] LI A, SIMON U, ZHAO G, et al. Global Affine Differential Geometry of Hypersurfaces [ M. Berlin: Walter de
Gruyter, 2015.

[7] NOMIZU K, SASAKI T. Affine Differential Geometry [ M]. Cambridge: Cambridge University Press, 1994.

[8] SIMON U, SCHWENK-SCHELLSCHMIDT A, VIESEL H. Introduction to the Affine Differential Geometry of Hyper-
surfaces [ M]. Tokyo: Science University Tokyo, 1991.

[9] WANG C P. Centroaffine Minimal Hypersurfaces in R""' [J]. Geometriae Dedicata, 1994, 51(1): 63-74.

[10] CHENG X X, HU ZJ, VRANCKEN L. Every Centroaffine Tchebychev Hyperovaloid is Ellipsoid [ J]. Pacific Journal of
Mathematics, 2021, 315(1) . 27-44.

[11] LI M. Rigidity Theorems for Relative Tchebychev Hypersurfaces [ J]. Results in Mathematics, 2016, 70(1/2): 283-298.

(121 481, =Y. BA PAT Simon 3 —JE Y Jay i 38 M AH XS BR (1], 75 9 U0 K2 27 e (A SR BHS2 00D+ 2020, 45(6) : 33-38.

[13] SHIMA H. The Geometry of Hessian Structures [ M]. Singapore: World Scientific Publishing, 2007.

[14] 2E . Minkowski 7% [i] 19 % 4 V£ 12 K A€ Finsler JLATAYRLAT (1], B =4 Ch 3OO » 2019, 62(2) ¢ 177-190.

[15] SCHNEIDER R. Convex Bodies: The Brunn-Minkowski Theory [M]. Cambridge: Cambridge University Press, 2014,

C16] J7 9. V-1 M 2R — A AR (], PR R # R CA SR B2 D » 2021, 43(10): 117-123.

(177 Sk3§IR. OC T B ol 3 A0k 1) i T B LA S A8 i T [T, PH B D R 24 27 4 CHAR B2 RRD . 2021, 46(6): 47-51.

[18] ANDREWS B. Contraction of Convex Hypersurfaces by Their Affine Normal [J]. Journal of Differential Geometry,
1996, 43. 207-230.

[19] LOFTIN J, TSUI M P. Ancient Solutions of the Affine Normal Flow [J]. Journal of Differential Geometry, 2008, 78:
113-162.

[20] IVAKI M N, STANCU A. Volume Preserving Centro-Affine Normal Flows [J]. Communications in Analysis and Geometry,

2013, 21: 671-685.

RERE S



