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A Review of Sparse Statistical Learning
and Its Recent Research Progress

ZHANG Hongying, DONG Kezhen

School of Mathematics and Statistics , Xi'an Jiaotong University , Xi‘an 710049, China

Abstract: Sparsity means that complex physical processes in high-dimensional spaces can be approximated
by only a few parameters (characteristic variables) located in low-dimensional subspaces, and is a preva-
lent property in practical applications. Sparse statistical learning aims to explore the sparsity of high-
dimensional data and to perform statistical modeling and inference. The article reviews the sparse statistical
learning models with a focus on regression analysis and its recent research progress. It mainly introduces
various types of sparse regression models with convex or non-convex regularization terms, especially the
algorithms and applications of L L-regularization framework. In the last decade, deep learning has made
revolutionary progress, and the research combining traditional sparse statistical learning models with deep
neural networks has gradually received widespread attention. The article mainly introduces the deep learn-
ing methods based on sparse modeling and data-driven sparse statistical analysis methods, the former

including deep unfolding networks and so on, and the latter including deep hash learning and deep canoni-
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cal correlation analysis. Finally, the article concludes with a summary and looks at possible future research
directions.
Key words: sparsity; regularization framework; regularization terms; L 1-regularization framework; deep

learning; deep unfolding networks

i 0P s v 4 4 () P B B T N R M, 08 T DA A B IR 4 S TR Y S 8 CRAE
AR RN S S A B A B R A, AE R AR N S, R AT N R M R R I B R OR R
B REBERKFRE ME/NREORE S 0, AT 3 ER B AR 7R, 38 o L X R AT 5 5L, B
A DA S B R DRt PGl e D BRI CRAAE S ) S LR M R . RO EUR IR B s, M) iz
FETE T i 4 B0 R AE R 6 . 6 A5 5 K 2 LA B Ak 22 HoAth [ it ) 22 v 3 2 ) LA M ) 4R o 7 0080 A4
RE AR, RRAE AR B AR R TR LA SRR R A IR R RR O S AR e A A R R B AL T T I 2
Ab 33X () S8R A A8

A Ve PR R ST S O B —, R AL B ik R AR T AR T AP, 2R AT A
Al fc O A8 i A RO F AR ¥ 7 . AR . AR AR AR S B A R B T AR R T I T S AR
TarER, B, TG it 2 i W AGAE S 04 748 G B 5 07 1k itk A58 H LT, Lasso #5881 B2 H b 48
T Tk Z —. Lasso B Al HAE AL FHEEBE LW BB MEM, EFRSCRME R ER ) LR R
%, LR Z 20792 K. R 5T Lasso 7% 51 A9 B8 Bk £ 8 JF 45 20 W, 15 5 38 B i Ak 2 2k 1 el itk
Lasso #ETI B A X Lasso BEAY, 40 5 3G W Lasso BEAL, sRPE MAAL | 4 Lasso BLAL, B4 Lasso #%
B flA Lasso B8 DL K AR S50 o (1) 5 i A BB 46 SR, Lasso BEAUA B A — M AEA Ora-
cle VERR A5G, A T UM Lasso BERIA BRI . 340 Lo A6 TIBER) . SCAD #281 J MCP BURI 455 T4k [ 15
TR R 4 . R AR A Oracle P 5.

I 10 AER . VREEF AR N TR | o Ak BIURN SCAS 43 B 45 GRUBAR 15 25 B2l . E R 24T 55 E 43R 3 4%
W AN PERE R L. SR, REL A M2 S H s RN AN BLR L 48 2 i U5 55 IR, 9 2% 1) SR A
AL S O AT g R RS AR B AT T > A B0 24 TR R AT e R B T e b A ) A — b
FIRE. KRR Ge it 2% S SR 2 2 85 A N 32 B 12 SR I A S I A S AIF 9T R BT A Ry 3 1 i
AR TR B 2 2T 0 RVECHE 9K 20 ) s B 8 1T 0 AT O k. T T A A A Y UL ik R AT IR B 4 I 4
ZRAR R BT 5 DR ] TR B i 2 0 2% ) i K 7R BB T . 3 ok TR R 2 N 2% 2 2] RRAE RO, JF
TG GE T2 S BR . BRI ST AR D TR U, JE RS T A R SR

AR SO 2 B 46 T2 2T O R T B B A A [ U1 A3 AT 3 O R R B R I 4% 5 A S T
4 MG A T AT T B LA

1 HHEEEFSH

1A 5347 7 AR A Ge i B A s I THZ —, — BRSO E s i, Fr w2 v i+
FUARBL 2 Bt s Bh2F 19 45 A4 [0 9 43 BT 5 78 34 i 18 A0 i S AR AE AR B (9 G 3R O AT 58 1 2 A5 4 T
VEARSR, B TS RO R AR B MO R8BSO S W A TR U A3 BT O X A A B I R, TE
o AR TR0 U5 4T H s — 8 ] 35 e AR A 1 I T AR AE S, AR A IE AR AE SR R L 5 R B 1R 4y
BT 1 25 2R A5 7R
1.1 ENLIEZ

BBAFE R Z =X XY, Hh X CR" ZAEAS (], Y 25 as ], I A8 R s fa) Z ol sz [ 4%
MHANEBEVAEAZ, = (X, y )V BB A SRS Z AR CR y=(X), Hh f e H, H}
B A (). 81U 43 BT 74 3 bR 22— Sl 3k A B A B AILRE A A THRRAE 25 18] S5 0 25 R I eRBROC R f. I,
— U2 N A R 5 1 ) R A AR A T AR A

min{iZ‘,uf(X,.), y,,>+AP<f>} (D

feEH | N



% 4 49 KRR, F. HHEATFIRELZTHMRER LR 3

BEAL (1) B Geit 2 S mE A HESL . Forh L (o) SRR BB, P (o) JRIEIIT, A SR IE LS80 #5109 IF
U A 23 2 (080 A % LA S L O RS M S P TR L MG 45 T Y RS I AT A R R R Y
7 R S ) A S 5613 B 1 RS ) A 458 2R B B5CR I DU 35,

1.2 BREERASHTANTE%E

5 00 A AL S T X 8 20 B0 TR 17 6 T B RN 43T 10 7R T B W B M R B AR AR G A e, B
U A R X A TR TR B . R 01U 43T S A T I 4 T HE 0 A R AT 5
TR . ST 4

PRS0 B A 7 A T S o /A T o (0 R 7 8 T D 430 o 9 G A . B T A e R
B P 1 2 e e T 1

X} T 20 TE 4 1] I A

y=XB+e (2)
K X= (x sa,s = a,)s B= By oy s B0 e SRBENLEE . Fefh FREBAEFTA LS mO<m<p)
AR AR, SRR IS BOR B (B 2E BN 19—

Bl T4 10 Pe PR T LA A A SE 2% 5T 0 TE AL HE S, 7T LARE R PRS2 36 T L, — 16 U301 i3 dg /s — e i A,
s B I, Rt p L, a8 b L, SEsFoRmE B hiAEE TR . WEET L, S5 /b —
T Al e

n}}in{Hy—XﬂﬂerAHﬁHo} (3)
BB, =m W, B MRS TRt TR B R0 45 SR SR AR (3) & NP MR, T
Y AE 25150 2 I ] A A e, DRI IR SR S R T R AT T B, (LA AR — B A ATC i
WL BIC WE . HQIC N S5 L, —iF ) AL,
1.3 EF N IE N T8 B B E A 4 47

SRR (3) 9 NP M [ R, — A 7 3 7 12 3 2 ) P I D04 HE 20 A 4 it &b 1

Tikhonov IF M4k 77 1 38 32 1) F42 ] B8 B0 e P ) 228 530 000 e AR 43 07 P AR T e 4 5 T 95 22 i 14 )
S £ SR A LA T R A O . DA A [ ) W R A, U4 [ U R T LA 2 Tikhonov 1E
WAL 5 ik i AL HOE

min {%Hy—XﬁHiJerﬁHi} (4)
BRI (4 L, —IE M T AR AR (3) i L) —IE NI, B @b i, IF B i ve i, ENafi S8 B A

TEEHE T 0. HIARAET 0. B, B (4) REA AR R . H7E S5k 2 e 2.
SCHRT LT 42 1 T 35 2 e ] 0 70 e 60 5 JR A 00 . %00 ] R 3 AN AL
) BEMGETE B € R
Gi) SR fi i
. 1 < ~
mm{§2bwfzqﬁﬁ)+amu» (5)
15 ¢ =0, BFERIM ¢ ;
GiD) B B —¢ OB, Mt © %77 Hadamard Bl
<l 70 250 TP A 200 LA A i Ve RV R L O ELTT LA B b S5 I 4 1 B 0 T 2 o By 1 o R 2 .
R 1 SRR R % o SCRL12] 380 T Lasso B0 BRI G L, —iF W T08s FC B b 748 e P o
(9 Lo —1E W, T8 7 — W0, L, — 1 D000 R4 e T £ A B 40008 9 e i o 9 F L, 1 W35 £y
LLasso fﬁaﬂ,ﬁ\ﬁ%iﬁ

) 1 :
ITn{gﬂy*XﬁH§+AHﬂH} (6)

Lasso f&] HA LR, H2 L, W RE N, 728058 40T . WHERREeS0. KR
MIRFFE R . BET L, —IENIEY Lasso B R AT 3 Al A B L gt A 8otk Mt 5w stk 46 R o, [



4 @ )L K FF WA RFF ) http://xbbjb. swu. edu. cn % 48 A

G T N RRPZe St VIV

Iassoi‘ﬁ%”fﬂ’raﬁ%m_&ﬁlj 0 2o X e AR I A 1) 2R RO o A ] R B A T AT AR Bl e . LLIk
FIRE 5w A e TG SC Y TR IR AR 0 B9 FL B9 BRI, 3 2 (45 5 o 1O 2% AR O B H bR 8 e Y R Rl %
I [ R8BS IR UR R RO Al a2 A i Y

AT B O 5 ARG YA T, SCERCLS ] 32 T A IE R Lasso BEAL. {3l Lasso SR HATIE

min {7 Iy —XB >+l wp Hl} D

Hob, we R ROAIAE . (8B Lasso BURR I HAALN L, G0, REASIEIE Lasso BRI 1Y FE
fit, I HEA Oracle M.

Lasso BRI 55 — AN il [ 2 T0 7k 2235 A0 BRI A5 5t () LA o8 A G 1k 10 30000 . 24— 2 Re AF A% o8 75 1 22 (1)
AHSCHEAR F IS, Lasso BB ] T Rk FEH PR E — 45 M n<<p W), LassofM L HABESEn 55 Y
n > p FURFIEAR 5t [T 38 AH DGR . Lasso BB 14 BE D 04 I SRS AL, S T 5e IR LSRRG . SCHk(16 ] 484 T
S DO AT A ) AE ST TR Lasso & 5T 504 mUEAET M 4l &, BRE

1 , )
min {f Iy —XBl°+2, HIH|1+A2HISH§} (8)

R AR A2 S v A DG B, A XA TR s ol ok e A i (9 R BRORA [ T AR (D, RO, RS AR T L 35 ) 4 R OG
B R IE 7S

5 — RIS AR 722 £ () AF DG 09 7 2 R T A G54 R AR AR 1 43 4, BFTEAS [R) 4 0 R A A i S
HZ IR SEF&R. 4 Lasso BRI g IR i pe b 2 1) i, OB X000

' 1 J , J
m,,m{z Ly =28 124220 18, HK]} (9
=1 j=1

o, p ANPHEAS RS R T 4L Hmu;awkﬁﬁ.%@ﬁ$¢ﬁ%ﬁx¢ﬁ$mﬁ%w,ﬁﬂwng
bl Lasso fAL.

MEAHAEA Lasso BRI G gl i s, x4 h i BT RECIR R 0, PRI T i Ab 3840 9 4Ol J A AR
WA RBOAR R 0 MR, A T SEE A N FR st B 4] Lasso B X4 Lasso f BRI gEAT T otk .
BN

1 J J
min {f Iy — Exjﬂj 1242, 118 |\1+A2E 18, 1l } (10)

Hera .a,=0. mﬂ(lmTUHm‘;@Uﬂlﬁﬂ HHENmHE. 21, fom‘ BEAL(10) IR A A Lasso AL 2
A, =0 B, #A10) BN Lasso B,

Lasso #5571 J0 2 kb P % S2 78 s 5005, 0 78 RGN B FG . filS Lasso A0 St Lasso BRI HEAT T4 &, H
AR n

. 1 ;
min {?\|y—XﬁHZ+A 1B, +a, I\Bﬁl\l} (1)

HA a2, =00 BB=[B, —B,+ B, — B, = B, — B, 1" BRI 5 it {12 il 4 405 28 0 T[] A ARAIE 3%
500 7 e L e ) R S i 5

BT bR SR ] R R 2 A, — B TR LE AL HE 2 B A S B R G A B T RS S el
FEAESZ B0 4 BOAME” (9 TR . PRI E B0 Dy 9 X T2 M 700 28 6 B, B vk B R OE SR e SR L i %R
b

y—Zf,u ) e (12)
A AN L Lasso 681 SCHRC21] Sty T RS 00 0
mm{Hy—Zﬁf(z)H +a2m 1) (13)

Eﬁﬂlﬁf%ﬁlﬁ{ii’]_fb{%ﬂﬁm/ﬂ‘%ﬁ”(13) Backflttmg%;{i[“] IR TS TR (13).



% 4 49 KRR, F. HHEATFIRELZTHMRER LR 5

1.4 EFELENTRBRDESH
L, ~EWAERR L B AR R TR ARG AR AR L s AL k. L - E Al R A
T o I DU 35 A i [ U AR
SCHRL23-25] KB Lasso fili i1 ZAE R E 400 T A B A B 19728 AL T AN B e 1k . EL DA 78 X 2 2%
FF . Lasso A 7E M 22, R se ik PR BB, R AR 0 <<q << 1 A9 L, —IENEHERS, A
mﬁin{|\y*XﬂH§+/\HI’HZ} QFS)

b B0, = (2 18 17) "
CHRk[26] $2 T bridge [B] T AR
min {%\\y—XﬁHHZM@V} (15)
Hpro <y, BAIA5) #E 7 RAFEEFESERIEZREIHEE. 250 <y <1, EMIUEAEMNE, HE
Br¥Fo<<qg<<1WHL, ENALHESE.
RAERFFE KB, T L, —IEWABHESE, 0 <<q << 1 WAy L —1E WIARHE 2245 25 5 2 08 A 1 SR A 4
VA B AR e R RE ) B GR AE WE AL AR, 2 0 <<q <1 W, L —IEMMEHERZ AR N ARG AR 258 A 2% 1 R
flla) @, e FME LB HOR . R, dnfa) e B g 02— 2 n) L )‘Lﬁﬁ[ZS,SO—Bﬂi‘EﬁTq:%Hﬂ”E’\J L

SIEMAEHERAE 0 <<q << 1WAy L —TE MR HE AR i BT QSR Mt (v o AR SRR B vh 3R BLZE . Lo RN AL
HEZREAIE K

mﬁin{HinﬁHijLAHﬂHj} (16)
Lo~ TE DU RE AR 5 R At 2 B I A SR (320 MER T L2 T DU RE A 0 0 1 4 m c B0 OFBiR t 2 1h
TORME Lo IEW AR Half B QS0 0 BUEW] T Lo T 0 Al 7 R0 5 2 S 0 0 8 i
B=T, 1 B+uX"(y—XB) an
Hrp, p € (O, H Xl H J%E%‘\ﬂiiif&. T, & Half B{H %L HIBR K
Far ) Ly, 1>y
[T, (] = : (18)
2 0 )
Hrp
: _2 on 29,y
fl.;(yj)—gyj(l—Q—cos(g ; j]
H
SD/\(yj) arccos[;( 3;)-’ |j Zj
v :J?”f“% B, SCHRT32) FIRES: T Half (303 £ 5035 1 18 DU 1k 25 50k 26 SR Wik L S e S5k 43

Lo —E WA 2R DU R APk ) 32 0 T TR A R g i AR A D R i P R
S5,
151 0 2 6 0 MU B 0 I, SCHIRL36 ) H Lo AT 5 LA (IR 0 I A, R T A

i a
min (A2 FAIENL) (19)
2

AECR"

i ID—A—E|, <o 300, Al =(Do’) RwMEA WA SR I L 55,

m

IE ;S =(22 SIE, ") " FORSENEE R L, R SR e TR R R MR KT 0 SEHUR A

i=1 j=1



6 @ )L K FF WA RFF ) http://xbbjb. swu. edu. cn % 48 A

e (1 E‘c%%). BRI A B L T ADMM FEEE07 JEAE, A T 1) & (9 Sof e F1 Half B {H 45 T 4) 2]

THFEAEIE . Bt T AR E R A A,
Ko, SCRRL39 ] BRI A3 T Lo ARSI R PR AR B R m R DR R DG AR T R I, e 1 R

min{ [ Z [ 1 +21E[..) (20

ffifs D =DZ + E. $A1(20) FIFHHE ) Hia% 01 H e+ 475 (ALM) Y Fil Half B {5 F £ 17K .
ZFICRRL32] HJA & > SCBRCAL] AF 05 58 T B THRIERY Lo 10 0 o HE SR )

min { | XD —Y [, +A D1} 21)

DeRrm 2 B

PAR NI (1 Be AV R i T Y E T N i
KT OCRRLAL] L5, SCIRLA2 ] @i 4543 TV IE WIS AL o~ D500 6 o A s — 1 B o e [ A £
TR, RN Tz gl F R G (R, B i A

min {114l +20E +x|E|} ) (22)

A.E€ HMXH

it | D—A—E| | <e, rank(A) < r. Hif

p
QE) =D IE, || 4
k=1
m—1 n—1

m—1 n—1
TE, =220/, Goj'+E, GNP+ 25 1 E Gon) 1+ 25 | E Gny j) |
=1 i=1

i=1 j=1 i =

E, FE, 4135k 7 [ R &7 [ 38 5.
8 (22) §FXF 2 Q6 P OBR . SCHRTA4 T 46 B8 (22) 41 % 3 AR E . 454 TTV IERIS f1
Lo TE TRt T 0T T A2

min (IS o+ 1T+, 0215 +4, 1€ 1) 23)

B R=S+T, T=2-+C. H
p—1

g—1
ICll e =20 1 Cauysz) —C(x+1ay.2) |+ D, | Claay,z) —Claay +1.2) |+
y=1

x=1
n—1
2 | C(x,y.2) —C(x,y,z+1) |
=1

O STk R AZ IR, TR TR R R B A . AR (23) i T A O 1) /M CADMD T R RS
B H 3 1 (ALM) #4701k R Al

YT AR IE I B RS B 0 <<q << 1 WFAY L - TE AR HE 4R LA i S AR T D00 R R A R T
LRSS . SCHR[48 ] 48 H T — AN g A I D0 300 = A 4 Ay T 7 B TR R LA I L TG M N SR
PELRUE BT 7 A2 B A T B 28 B e i, L AT DR AR Y A 52 2% 32 5 T M 1 DRI Al T 2 i AL TE D Y, DA I
A AL ) Ml 22 5 %8 2 Mk DR UIEAS B M R OC T RS e k. L —1E DU P 282 i 7= A 1 Al T 2 T 125 () g 36 A2 1A
T3 Mg > 1R, L -IEMITORGE R L, - OR LI tE: 4 0<<q <18, L —1EN
WU L i 2. HE T, SCER(48] 42 7 SCAD #i#. SCAD BRI IE A

P
min{i ly—XxBl.+ ZNBJ.)} (24)
per | 2 i=1
Hop, p, () WER N
AlB | B, <A
— A 4 2an | B, |-
: f <8 I<
p.(B) = 2a — 1) AsIB i< aa (25)
(a +21)){“ 18 1> ad




% 44 KK, F. HEATFIRALRH AR R ER 7

Hrp 2 =0, a > 2. SCAD NI Al LLF=A HA Oracle P4 58 (948 11
SCHRC497] #2087 /R M IE I35 (MCP) , HE N

B,
p,(B) = (26)

/12
o | B, | = aA

Hrp o > 1. R (26) #Hig Finfl i, BHEFA Oracle {5,
SCAD 1 MCP ¥J°4 Folded Concave £E51 pREL, 43 51| & 3% 3 {1 J7 15 FAE B8 J5 7 i3 g . SCAD J& 3% 2%
B, {0 MCP A 42,

2 RE®BGESZITSH

b5 10 4F  VRBEH8  4 OIS U T 2 WA« e AR PR L 3 . SO AR S LR B (o VR
22 10 2 9 10 BRI A 5 T A S 2 MR 7 vk T L B T AR BAE A SR . BLAR VR b 2 )
7501 5 L P S R B P R R WSO TR R . DRI G T 7 A A
5 0b . BUARTRIE 28 4 2 MR K VI e P 7 A 6 M 3k 1 VR 28 60 4 1 st o i
FOREE A PRI T R L RS,

A B 1 207 3 RS T AT M S R R R £ B 3 A e
AT AR TR o B AT 7 0k A MR K B SR A e 5 A B £l i 0
i PR 50 0 B/ R 0 A B0 5 40T 7 5 5 VR 28 P 4 25 4 A (5 4 L
O A U A T 3% O 1 4

ELATGE K ECAT A48 4 A 7 60« T B 2 451 R 2 2 0 7 o 0 B T 00 30 30 14 6 5 86 60 B 7
e AR T 0 46 7 M AT S
2.1 ETHRERNREZEIFE

T B 0 VR 5 2 ) 7 i B AT T B R A D 1 VR I 28 4 2 A
BT 20 VR 28 T L b I 2 DR L 28 R R AL S LR
i 25 T 4 5 o 8 7741 24,

R 25 0 4 T 2 T A 0 VR 2 0 7 T A . R 28 0 4 A 3 75 0
AT 4 P PR 2 MR A B, HE o AR SR P S 1 ReL U S50 o M52 . 2K 28 5 7 B 55 2 3 B o
B B .26 1R 50 4 2 1oL JHG o BB (A5 T D5 A0 S 6 5. 5 Tk IR 2R T 0 ) 0 B T 0
25 IR 24 1R VR 4 2 T 4 2 T 7 V6 T8 7 2 B 0

IO YR B R0 4R FF 7 o T B R SCAR 507 00 T FE . O 7 B B R 0 B0 0 B Bl T —
B FI 025 T 07 1 CLISTAD . 80 WA R AT 0 250 0 LR TSTA 2 fREEIE 10— A2 1 PR 3 4
GG — 2 . A E A SRR M2 B T B 1 B M R B4 .

i 25 0 L 67 SR AR (27) O T 0
min |y —wa |2 +4 | x |, 27)

XGR”I
Hera >0, we R Zid5%& 7M. ISTA SRS R MM B RSB 2D WE L2 —. Kkt
)

x'! SA{(Ileij’ +iWTy} [ =01, (28)
Iz Iz
HrS, BETERMKEER 7, HEBDSITR FE Xh
S, (x) =sign(x) « max{ [ x [ —4, 0} (29
%@wzz—ﬁjwamzﬁjwﬂM%wﬁﬁ@mmﬁgw
" 2

=S (Wx'+Wy) [ =01, (30)



8 @ )L K FF WA RFF ) http://xbbjb. swu. edu. cn % 48 A

TP EZE A (30) ATLUR B, ISTA BREFTEM R — LD, BA x' St Lo v SB[ 551, 145
B L T U R B 2 9 6 g — 2 v B e T 2 0 % o T BR L ST L P
RANY TR T L R M2 M4, LTI, LISTA ¥ ISTA I IR w2 M4, Al 2k s %k

2

IR R ;,
L(W,,WNA):NE [ x" Gy s W, W, , 20 —x"" || (3D)
n=1

Hrp, Jg"(y" s Woo W0 &) J2 M2 5 6 " 0 S B 1) TN AEL " i s o 4 5 ) L S

LISTA 3 ik B i 5 2 i 55008 o I Dy R B8 P 2 W &4, LA — b a2 2] 19 5 SXAR 15 1 i 6 44 B ) A8 1Y) . 1%
R B T 00 G D O A SR R I R BITE T RBCR AR W L. LR R W], Tk F
[F] — o BE B A5 AR BB [ AR s 8 il ISTA 5 el i 20 1.

WEAL s AU BT i i 2 % 1] L 1Y 5 125 ) R ] DA T Sl TR BE Pl 2 I 2%, il 4n . SCHR(52-54 JFFADMM 5.
HERTIT P2 M 4, SCHRES5-57 1K s b B2 T BB 0E R IT W IR BE M 28 M 4%, BAR 13 T A B R L.

B TR BE AR 28 RETF AL . TR e 15 2] Ty VR AR TR B 2 S i HoA Oy T WA & T iz my i . i, g
W 4 TE 06 J5 12 Dropout ™™ PR H Al i A AL I T R VR AR R M8 A i a5 1 1 N2 — 5 IR B & 1)
280 W) I A A 5 1 L RRRE AR A IR SR R DT IR VR R B A5 5 K A2 SR R R I K A ARk v i AR R
ZYSPE Y, DI DR TIE AR AL (1 1 g 2 L.

BRI AR GE T A BT R AR T T LA B BB R AR, SRR EE ) A R FRIE ROR B I IR AT
Xof 15 R PR BE G B R . BR T SCHE K 2l 4 W e T A0 AT R ST TE A% G W 8 T A3 BT AR R R il 2
o TR Bl 22 I 2 R B R AE RN BE T o ) B B9 R YRR AR R B TR L g oA ik 2 b L
P& THEE AL PE BE.

TR B e A 2 20 3 2 B8040 9K 3l (%) 7 i (80 05 43 B A8 AU % W FH 22— SCBRL65 T4 th 1 IR B2 3 SCHE e A5 A
(DSRH) , $ 8 BE 4 PP 28 0 2 8 5 31 08 Ay R B0, 6 (6] 2 2] RO 3078 B v Ay s8R, JF IR PR R IE R R 5 g
i G B 2 [R] B ARARLPE o 4B T T LARRAE TR IR BE T B BRI [R) B, 3% 0y R e A 22 2 OORE L EE 1 S Y
HEP Rk T IR LIS Ay sR B 1Y 5 2] SCHERL66 T8 1 IR 3 Mo B m A B AU (DS HD 120858 AU 6 T 45 FRURH 28 ) 2%
MEZEBETE s A 00 (9 TR CRRAL B AN FRABID A SR I i A LA 27 2 3 A0 B Y — o0 e A 2 i 37

AR LG T35 A7 P B B A 1 T B2 e A 2 20 Tk o i 2 g 1) T B I A 2% 0 Ok LA HG BB R 2 75 BT 7 s A D
RN B I 32 BN Iz O E. SCHERL67 M B & 25 5] A Ay 2% 2] 7 i, B T — Fh IR FE B s A
2 75 ¥k (DPSH) . 58U 5 563 i M 46527 ] IR I RRE 3R 75 o 9K 5 R IG5 ik 2% 75 T 3k ey A& ol B30I 53 O sy i i
. A5 AN L) o 38 o 1) 5 X 0 g A SONT A A AR 1) 4 2R R BRI 27 S AR KR RIS A . Sy 1 k2B
WRZG E, CHRL68]7E DPSH Jefili FR i 1 — 40 5 350 H LA S8 — A8 g 5. SCHRL69 I H 4 5 Bt
HE R B W O Ay 2 2] 7 1 (DAGHD AT DT Jin e R0 575 W A S . A€ 280 30 o ) A AR il i 14 JF T
B 5 I A G Bt 22 TR IBE AR  Jr R B4R SR AR H Y.

TR B2 SRR 3G 43 A7 U 2 5080 B Sl B s i 22 0 40 W 7 iR AR R 22— SCHRL70 142 1 5 30 Ay % 32 e 70 A
KO3 T (Deep CCA). % J7 i 56 MR B2 A 25 0 28 43 9] SRt 7 > WL BT A 5052 1) o AR5 J o RAE PR 4%
S 1A i A AH G AR FEATOR . Deep CCA TR ZRad B v 5 2R 2 SN 2R 8Us 1 g — LU, P BE I X R
TR B0 . A i D IR AL, SCRRL 71 )42 H T BB HL Deep CCA(SDCCA). 1245 R b 28 ) 4 2 B0l itk A58
BN, LLE RN LR BEALUEAL. SCERC72 15T X 2838 80 . #2878 7 0% B2 M AU A OC 43 A 14 4k
B vk DCCA. G2 R IR FE 42 i 2 0 2% 2 o] SCRKUIE A0 RFAE S JF 1T BB 28 R0 28 (CNIND 27 2 [R1{R 5k
o AR AR B S I A5E 285 8 5000 o > T 1 00 TR0 ) 28000 i R i A L BAR G T REZR. TR BEE L e ) i ) AR
FHT O AIAH SC o3 M. SCHRL73 00T CCA MEZEHR 1 TR B ML RUAH 5C A 9 i 8% (DCCAE) » K B ALAH G730 #7 5
R A i as AT 456, 88 T AR Re. SCERL74 192 1 1A C i 22 M 4% (CorrNet) DLtk — 20 iR A 1
25, B ARLAT LUK E AR — S L MER R 52 05 — LI

3 R4
KRB, AL GG T2 D K WOk IR R Se T~ . 70 v 4 B ab P U0k 45 6 2 L R TR AR



% 4 49 KRR, F. HHEATFIRELZTHMRER LR 9

FH 35 i A5 35 1) 1 DU AR HE R R 17 A v A%k e A R AR B v RV B TR A T R R
G55 MR e T2 > 5 TR L i 22 0 255 LU RO A O7 SR AL R B S H B sz BB A SCERIR TR s S
R MR, ] B 41 T AR SRR ST ) 5 B TR B o A R AS & BB SE ot JE. SR, H A ER X e 2R 2
FRFIE IS A B R RR A0, 1K XRRBETETr [ §2 th —Se e 22

D i TASRAHIE SEEN R, BT Se T~ B0E5E 2 86 b TR ™ F bx s 8. {H 52 BRI
JFH B B 8 B 45 % e SO TE W TR Y AL R Al o O N E B A S A SR L . X T A
A DAt S AR I U T A AR AR SRR B BT S S RO TR RO (AR — WSRO ).

2) W TG M B GE T > 05 1k 08 W R T e/ AR Ok . ORI R v 3 o3 A SR, BRSOV R
3w H AR oA (R g 20 A X S A OB A R R TR AR P, R T
PR A0 R pRB Y B S8 32 >0 D5 i+ A 3 T 20 8T R 4 s i G T2 ) Ok S R A — 2P I AT 5

3) TREE W 2% JEE T 05 1k BB 5T AT AR v 1 B AT T M A O 20 B T i RSl AR o T DU 30T A A 6 2 A B
LT RIT  IERE MR IERE M B TE . BT ZE e — LI RR. 3 5h ., TRIE 45 SR IV U5 15 1) B A 5T ik
B . HAERER B A I — P TH A 2 (8] . K 2833 S 7 22t — A F 52 1 1] 7

O BRI B G2 T B A T 8 A B 10 5 B KB 2 407 15 76 B AP e L #8A
EARTHRIL. RIS, B0 AN ) RO o A ] 1] T 0 250 %2 el 2 1) 2% o S T O A o . R B 5 4 ()
R R L o 28 R 248 AR s S AR R ST A A5 5 . B RIRE M A #5 M M 7 ik i s B AR i — 2P
W FE A9 7 16

RS e

[1] HASTIE T, TIBSHIRANI R, WAINWRIGHT M. Statistical Learning with Sparsity: The Lasso and Generalizations [ M].
Boca Raton: CRC Press, 2015: 3-4.

(2] 22560, Y40, S0k, AR B A M2 > DU RTER U A5 i B [T, VU Rg R 24 CAARBL A RRD - 2020, 42(1)

118-123.
(3] XUfrde, )11, Sraf. STz BOMP 5k i wi (5 5 A [T 1. 79 R I K22 4 CA AR B2 R0 » 2020, 45(7)
144-149.

(4] FEAmW, FWIT, Kk, & ETWE RGN SO R SUR 2 (1], 798 K CH AR D » 2022,
44(4) . 196-205.

[5] HOCKING R R, LESLIE R N. Selection of the Best Subset in Regression Analysis [ J]. Technometrics, 1967, 9(4):
531-540.

[6] NATARAJAN B K. Sparse Approximate Solutions to Linear Systems [J]. SIAM Journal on Computing, 1995, 24(2);
227-234.

[7] AKAIKE H. A New Look at the Statistical Model Identification [ J]. IEEE Transactions on Automatic Control, 1974,
19(6): 716-723.

[8] SCHWARZ G. Estimating the Dimension of a Model [J]. The Annals of Statistics, 1978, 6(2): 461-464.

[9] HANNAN E J. QUINN B G. The Determination of the Order of an Autoregression [ J]. Journal of the Royal Statistical
Society: Series B (Methodological), 1979, 41(2). 190-195.

[10] HOERL A E, KENNARD R W. Ridge Regression: Biased Estimation for Nonorthogonal Problems [J]. Technometrics,
1970, 12(1): 55-67.

[11] BREIMAN L. Better Subset Regression Using the Nonnegative Garrote [ J]. Technometrics, 1995, 37(4) . 373-384.

[12] TIBSHIRANI R. Regression Shrinkage and Selection via the Lasso [J]. Journal of the Royal Statistical Society: Series B
(Methodological) , 1996, 58(1): 267-288.

[13] CHEN S S, DONOHO D L, SAUNDERS M A. Atomic Decomposition by Basis Pursuit [ J]. SIAM Review, 2001,
43(1): 129-159.

[14] HASTIE T, TIBSHIRANI R, FRIEDMAN ] H. The Elements of Statistical Learning: Data Mining, Inference, and
Prediction [M]. 2th ed. New York: Springer, 2016; 33-34.

[15] ZOU H. The Adaptive Lasso and Its Oracle Properties [J]. Journal of the American Statistical Association, 2006,
101(476) : 1418-1429.



10 @ )L K FF WA RFF ) http://xbbjb. swu. edu. cn % 48 A
[16] ZOU H, HASTIE T. Regularization and Variable Selection via the Elastic Net [J]. Journal of the Royal Statistical Society:

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]
[37]

[38]

Series B (Statistical Methodology), 2005, 67(2): 301-320.

YUAN M, LIN Y. Model Selection and Estimation in Regression with Grouped Variables [J]. Journal of the Royal Sta-
tistical Society: Series B (Statistical Methodology), 2006, 68(1): 49-67.

PUIG A T, WIESEL A, HERO A O. A Multidimensional Shrinkage-Thresholding Operator [C]//2009 IEEE/SP 15th
Workshop on Statistical Signal Processing. Cardiff: Institute of Electrical and Electronics Engineers (IEEE), 2009:
113-116.

SIMON N, FRIEDMAN J, HASTIE T, et al. A Sparse-Group Lasso [J]. Journal of Computational and Graphical Sta-
tistics, 2013, 22(2) . 231-245.

TIBSHIRANI R, SAUNDERS M, ROSSET S, et al. Sparsity and Smoothness via the Fused Lasso [J]. Journal of the
Royal Statistical Society: Series B (Statistical Methodology), 2005, 67(1): 91-108.

RAVIKUMAR P, LAFFERTY J. LIU H, et al. Sparse Additive Models [J]. Journal of the Royal Statistical Society:
Series B (Statistical Methodology), 2009, 71(5): 1009-1030.

BREIMAN L, FRIEDMAN J H. Estimating Optimal Transformations for Multiple Regression and Correlation [J]. Jour-
nal of the American Statistical Association, 1985, 80(391): 580-598.

CANDES E J, TAO T. Decoding by Linear Programming [ J]. IEEE Transactions on Information Theory, 2005,
51(12): 4203-4215.

MEINSHAUSEN N, BUHLMANN P, High-Dimensional Graphs and Variable Selection with the Lasso [J]. The Annals
of Statistics, 2006, 34(3): 1436-1462.

ZHAO P, YU B. On Model Selection Consistency of Lasso [J]. The Journal of Machine Learning Research, 2006(7) :
2541-2563.

FRANK L L E, FRIEDMAN J H. A Statistical View of Some Chemometrics Regression Tools [ J]. Technometrics,
1993, 35(2): 109-135.

CHARTRAND R, STANEVA V. Restricted Isometry Properties and Nonconvex Compressive Sensing [ J]. Inverse
Problems, 2010, 24(3): 657-682.

XU Z B, GUO H L, WANG Y. et al. Representative of L% Regularization Among L, (0<<¢<<1) Regularizations: an
Experimental Study Based on Phase Diagram [J]. Acta AutomaticaSinica, 2012, 38(7): 1225-1228.

DONOHO D, TANNER J. Observed Universality of Phase Transitions in High-Dimensional Geometry, with Implica-
tions for Modern Data Analysis and Signal Processing [ J]. Philosophical Transactions of the Royal Society A: Mathemat-
ical, Physical and Engineering Sciences, 2009, 367(1906): 4273-4293.

KRISHNAN D, FERGUS R. Fast Image Deconvolution Using Hyper-Laplacian Priors [ C]//Advances in Neural Infor-
mation Processing Systems 22 (NeurIPS 2009). Cambridge: MIT Press, 2009: 1033-1041.

ZENG J, XU Z, ZHANG B, et al. Accelerated L% Regularization Based SAR Imaging via BCR and Reduced Newton

Skills [J]. Signal Processing, 2013, 93(7): 1831-1844.

XU Z B, CHANG X Y, XU F M, et al. L% Regularization: A Thresholding Representation Theory and a Fast Solver
[J]. IEEE Transactions on Neural Networks and Learning Systems, 2012, 23(7): 1013-1027.

LIYY, FANSG, YANG ], et al. MusaifL% : Multiple Sub-Wavelet-Dictionaries-Based Adaptively-Weighted Iterative
Half Thresholding Algorithm for Compressive“ Imaging [J]. IEEE Access, 2018, 6: 16795-16805.

YUAN L ]J, LIY Y, DAIF, et al. Analysis L% Regularization: Iterative Half Thresholding Algorithm for CS-MRI [J].
IEEE Access, 2019, 7. 79366-79373.

1 2
CAO W F, SUN J, XU Z B. Fast Image Deconvolution Using Closed-Form Thresholding Formulas of /, (q:7,§)

Regularization [J]. Journal of Visual Communication and Image Representation, 2013, 24(1): 31-41.

B, . AR BT S%*Eﬁ%%@%ﬁ*ﬁﬁ%%ﬁlﬁﬁﬁ ] mEB . fFEFB, 2013, 43(6): 733-748.
BOYD S, PARIKH N, CHU E, et al. Distributed Optimization and Statistical Learning via the Alternating Direction
Method of Multipliers [J]. Foundations and Trends in Machine Learning, 2011, 3(1): 1-122.

DAUBECHIES 1, DEFRISE M, DEMOL C. An Iterative Thresholding Algorithm for Linear Inverse Problems with a
Sparsity Constraint [ J]. Communications on Pure and Applied Mathematics, 2004, 57(11): 1413-1457,



=i Rk, . WAARTFIAARIHAR R LER 11

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[58]

[59]

JIA S, ZHANG X J, LI Q Q. Spectral-Spatial Hyperspectral Image Classification Using l% Regularized Low-Rank Rep-
resentation and Sparse Representation-Based Graph Cuts [J]. IEEE Journal of Selected Topics in Applied Earth Observa-
tions and Remote Sensing, 2015, 8(6): 2473-2484.

LIN Z C, CHEN M M, MA Y. The Augmented Lagrange Multiplier Method for Exact Recovery of Corrupted Low-Rank
Matrices [ EB/OL]. [2022-05-15]. https://arxiv.org/abs/1009.5055

PENGDT. XIU N H. YU J. S Regularization Methods and Fixed Point Algorithms for Affine Rank Minimization

Problems [J]. Computational Optimization and Applications, 2017, 67(3): 543-569.
ZHU L, HAO Y, SONG Y. L1 Norm and Spatial Continuity Regularized Low-Rank Approximation for Moving Object

Detection in Dynamic Background [J]. IEEE Signal Processing Letters, 2018, 25(1): 15-19.

CHAMBOLLE A. An Algorithm for Total Variation Minimization and Applications [ J]. Journal of Mathematical Ima-
ging and Vision, 2004, 20(1) . 89-97.

TOM A J, GEORGE S N. A Three-Way Optimization Technique for Noise Robust Moving Object Detection Using Tensor
Low-Rank Approximation, l1,and TTV Regularizations [J]. IEEE Transactions on Cybernetics, 2021, 51(2): 1004-
1014.

YANG S, WANG J, FAN W, et al. An Efficient ADMM Algorithm for Multidimensional Anisotropic Total Variation
Regularization Problems [ C]//Proceedings of the 19th ACM SIGKDD International Conference on Knowledge Discovery
and Data Mining. New York: Association for Computing Machinery, 2013: 641-649.

LU C Y., FENG J S, CHEN Y D, et al. Tensor Robust Principal Component Analysis: Exact Recovery of Corrupted
Low-Rank Tensors via Convex Optimization [ C]//Proceedings of the IEEE Conference on Computer Vision and Pattern
Recognition (CVPR). Cardiff: Institute of Electrical and Electronics Engineers (IEEE) . 2016. 5249-5257.

HAO R R, SU Z X. Augmented Lagrangian Alternating Direction Method for Tensor RPCA [J]. Journal of Mathemati-
cal Research with Applications, 2017, 37(3): 367-378.

FAN J Q, LI R Z. Variable Selection via Nonconcave Penalized Likelihood and Its Oracle Properties [ J]. Journal of the
American Statistical Association, 2001, 96(456): 1348-1360.

ZHANG C H. Nearly Unbiased Variable Selection Under Minimax Concave Penalty [J]. The Annals of Statistics, 2010,
38(2): 894-942.

GREGOR K, LECUN Y. Learning Fast Approximations of Sparse Coding [ C]//Proceedings of the 27th International
Conference on Machine Learning. Brookline: Journal of Machine Learning Research, 2010: 399-406.

BECK A, TEBOULLE M. A Fast Iterative Shrinkage-Thresholding Algorithm for Linear Inverse Problems [J]. SIAM
Journal on Imaging Sciences, 2009, 2(1). 183-202.

YANG Y, SUNJ. LI H B, et al. ADMM-CSNet: A Deep Learning Approach for Image Compressive Sensing [J]. IEEE
Transactions on Pattern Analysis and Machine Intelligence, 2020, 42(3): 521-538.

XIE X, WU J, LIU G, et al. Differentiable Linearized ADMM [ C]//Proceedings of the 36th International Conference on
Machine Learning. Brookline: Journal of Machine Learning Research, 2019: 6902-6911.

DING Y, XUE X W, WANG Z Z, et al. Domain Knowledge Driven Deep Unrolling for Rain Removal from Single Image
[C]//2018 7th International Conference on Digital Home (ICDH). Cardiff: Institute of Electrical and Electronics Engi-
neers (IEEE), 2018 14-19.

MEINHARDT T, MOELLER M, HAZIRBAS C, et al. Learning Proximal Operators: Using Denoising Networks for
Regularizing Inverse Imaging Problems [C]//Proceedings of the IEEE International Conference on Computer Vision (ICCV).
Cardiff: Institute of Electrical and Electronics Engineers (IEEE), 2017 1799-1808.

YANG D, SUN J. Proximal Dehaze-Net: A Prior Learning-Based Deep Network for Single Image Dehazing [ C]//Pro-
ceedings of the European Conference on Computer Vision (ECCV). Cham: Springer, 2018. 702-717.

HOSSEINI S A H. YAMAN B. MOELLER S, et al. Dense Recurrent Neural Networks for Accelerated MRI: History-
Cognizant Unrolling of Optimization Algorithms [J]. IEEE Journal of Selected Topics in Signal Processing, 2020,
14(6): 1280-1291.

SRIVASTAVA N, HINTON G, KRIZHEVSKY A, et al. Dropout: A Simple Way to Prevent Neural Networks from
Overfitting [ J]. Journal of Machine Learning Research, 2014, 15(1): 1929-1958.

CAVAZZA J. MORERIO P, HAEFFELE B, et al. Dropout as a Low-Rank Regularizer for Matrix Factorization [C]//



12

@ )L K FF WA RFF ) http://xbbjb. swu. edu. cn % 48 A

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

[73]

[74]

Proceedings of the Twenty-First International Conference on Artificial Intelligence and Statistics. Brookline: Journal of
Machine Learning Research, 2018. 435-444.

MIANJY P, ARORA R, VIDAL R. On the Implicit Bias of Dropout [C]//Proceedings of the 35th International Confer-
ence on Machine Learning. Brookline: Journal of Machine Learning Research, 2018 3540-3548.

PAL A, LANE C, VIDAL R, et al. On the Regularization Properties of Structured Dropout [ C]//Proceedings of the
IEEE/CVF Conference on Computer Vision and Pattern Recognition (CVPR). Cardiff: Institute of Electrical and Elec-
tronics Engineers (IEEE), 2020. 7668-7676.

GLOROT X, BENGIO Y. Understanding the Difficulty of Training Deep Feedforward Neural Networks [C]//Proceed-
ings of the Thirteenth International Conference on Artificial Intelligence and Statistics. Brookline: Journal of Machine
Learning Research, 2010: 249-256.

IOFFE S, SZEGEDY C. Batch Normalization: Accelerating Deep Network Training by Reducing Internal Covariate Shift
[C]//Proceedings of the 32td International Conference on Machine Learning. Brookline: Journal of Machine Learning Re-
search, 2015: 448-456.

WRIGHT J, MA Y. High-Dimensional Data Analysis with Low-Dimensional Models: Principles. Computation, and
Applications [ M]. Cambridge: Cambridge University Press, 2022: 537-538.

ZHAO F, HUANG Y Z, WANGL, et al. Deep Semantic Ranking Based Hashing for Multi-Label Image Retrieval [C]//
Proceedings of the IEEE Conference on Computer Vision and Pattern Recognition (CVPR). Cardiff: Institute of Electrical and
Electronics Engineers (IEEE). 2015: 1556-1564.

LIU H M, WANG R P, SHAN S G, et al. Deep Supervised Hashing for Fast Image Retrieval [C]//Proceedings of the
IEEE Conference on Computer Vision and Pattern Recognition (CVPR). Cardiff: Institute of Electrical and Electronics
Engineers (IEEE), 2016 2064-2072.

LI W J, WANG S, KANG W C. Feature Learning Based Deep Supervised Hashing with Pairwise Labels [ C]//Proceed-
ings of the Twenty-Fifth International Joint Conference on Artificial Intelligence. Palo Alto: AAAI Press, 2016: 1711-
1717.

LI Q. SUN Z, HE R, et al. Deep Supervised Discrete Hashing [ C]//Advances in Neural Information Processing Sys-
tems 30 (NeurIPS 2017). San Diego: Neural Information Processing Systems Foundation, 2017 2479-2488.

CHEN Y D, LAI Z H, DING Y J, et al. Deep Supervised Hashing with Anchor Graph [C]//2019 IEEE/CVF Interna-
tional Conference on Computer Vision (ICCV 2019). Cardiff: Institute of Electrical and Electronics Engincers (IEEE),
2019: 9795-9803.

ANDREW G, ARORA R, BILMES J, et al. Deep Canonical Correlation Analysis [ C]//Proceedings of the 30th Interna-
tional Conference on Machine Learning. Brookline: Journal of Machine Learning Research, 2013, 28(3). 1247-1255.
WANG W R, ARORA R, LIVESCU K., et al. Stochastic Optimization for Deep CCA via Nonlinear Orthogonal Itera-
tions [C]//2015 53rd Annual Allerton Conference on Communication, Control, and Computing (Allerton). Cardiff: In-
stitute of Electrical and Electronics Engineers (IEEE), 2015: 688-695.

YAN F, MIKOLAJCZYK K. Deep Correlation for Matching Images and Text [ C]//Proceedings of the IEEE Conference
on Computer Vision and Pattern Recognition (CVPR). Cardiff: Institute of Electrical and Electronics Engineers (IEEE) ,
2015 3441-3450.

WANG W R, ARORA R, LIVESCU K, et al. On Deep Multi-View Representation Learning [ C]//Proceedings of the
32td International Conference on Machine Learning. Brookline: Journal of Machine Learning Research, 2015: 1083-1092.
CHANDAR S, KHAPRA M M, LAROCHELLE H, et al. Correlational Neural Networks [ ]J]. Neural Computation,
2016, 28(2) . 257-285.



